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MATEMATUYHE MOJENIOBAHHA TA YINPABJIIHHA NPOEKTAMU

VK 004.942

3ACTOCYBAHHA METOAY KBAJIPATYP
JJIA UUCEJBHUX PO3B’A3KIB JIIHIMHUX TU®EPEHIIAJIBHUX PIBHAHD

Cutnuk O. O., k. m.n., npogpecop, 3a6i0yeay xageopu e1exmpomexHivHUX CUCTEM,
Kucenwvosa I'. O., cmapuuii euxnaoay xagpeOpu enexmpomexnivHux cucme,
Kucenwvos B. B., acucmenm xagpeopu enexmpomexuiunux cucmem
Uepkackkuil AepKaBHHUN TCXHOIOTTYHUH YHIBEPCUTET

18006, m. Yepkacu, 6vi. Lllesuenka, 460, annakis.777(@yandex.ru

Anomauis. Pozenaoaemvcsa yucenvHuti Memoo HAOIUMNCEHO20 0OYUCTeHH A TIHITIHUX OughepeHyi-
ANbHUX PIBHAHB 13 30CMOCYBAHHAM KeaopamypHux gopmyn Huiomona-Komeca piznoi mounocmi.
Knrwuoei crnosa: oughepenyianvie pigHanns, inmezpanvhe pienanns, mecm, Mamnab.

APPLICATION OF QUADRATURE METHOD
FOR NUMERICAL CALCULATIONS OF LINEAR DIFFERENTIAL EQUATIONS

Sytnyk O. O., Ph.D.(Engineering), professor, head of the electrical systems department,
Kyselyova G. O., senior lecturer of the electrical systems department,
Kyselyov V. B., assistant of the electrical systems department
Cherkasy State Technological University
18006, Cherkasy city, Shevchenko Boulevard, 460, annakis.777(@yvandex.ru

Abstract. The article deals with a numerical method for the approximate calculation of linear
differential equations with the use of quadrature formulas of Newton-Cotes varying accuracy.
Keywords: differential equations, integral equations, test, Matlab.

Beryn. ludepenuianbHi piBHSIHHS IIUPOKO BHKOPHCTOBYIOTHCS B 0araTthoX 007IacTsAX HAYKH Ta
TEXHIKH A7 MATEMATHIHOTO MOJCIIOBAHHS PI3HHUX (PI3HUHUX NPOLECiB. JHAYHY YaCTHHY AUEPCHLI-
aJbHUX PIBHSHB, IO PEATBHO 3aCTOCOBYIOTHCS I MATEMATHYHOTO MOJCITIOBAHHS JHHAMIYHUX CHC-
TEM, CKNIAIArOTh JiHIMHI AudepeHmianeHl piBHIHHEAL. 11 po3B 3Ky MiHIHHUX JUQEpPCHIIATBHUX PiB-
HSIHb BUKOPHCTOBYIOTh AHATITHYHI, YACCTbHO-AHANITHYHI Ta YACCTbHI METOIH.

IHocTanoBka npo6aemu. MeToau uncenpHOrO AUGEPCHUIIOBAHHS 3aCTOCOBYIOTHCA, SKINO BH-

XigHy QVHKOIO [ (x) BaXKKO, 200 HEMOXKIMBO NPOIH(EPECHUIIIOBATH aHATITHYHO. IcHye OaraTo pizHHX

METOAIB uncenbHOro audepeHuiropanag Gyakmii. g po3s’ssanns niHIHHUX AudepeHIiaTbHIX PiB-
HSIHb YHCCIIBHUMH METOAaMH HAHOLIbINe momupeHHs orpumas mMeTo Pyare-Kyrru. Llei meton, abo
Horo moangikanii BUKOPHCTOBYE MEPCBAKHA OLMBLIICT CYYACHHX MATEMATHYHUX MporpaM. Tak B
mporpami MATLAB icaye nsa consepu [1] — oded4S (BuxopucroByethes siBHHE MeToq PyHre-Kyrru
4-ro Ta 5-ro nmopsaaxis) Ta ode23 (BukopucroByeTbes aBHUN Meton Pyare-Kyrru 2-ro Ta 3-ro nopsna-
kiB), B mporpami MATHCAD [2] - rkfixet Ta rkadapt (BukopucroByerscst meroa Pyure-Kyrru 4-ro
nopsaky 3 (hikCOBaHMM Ta 3MIHHUM KPOKOM BiamosinHO). Llel MeTox He € MBHAKOAIIOUHAM, alle Ipak-
TUYHO 3aBXKAU JA€ HENoraHi pe3yiaprari. OCHOBHUM HEAOJIKOM JaHOTO METOAY € HCBHCOKA TOY-
HICTh O0uUMCICHDb. [ 3MEHIICHHS MOXHUOKH Ta MIABUINCHHS TOYHOCTI MOXK/IHBA 3MIHA KPOKY 1HTET-
PYBaHH#, ab0 MiJBUINCHHS MOPsAAKY Merony. OCHOBHOK HMPO0JIeMOK YHCETbHUX PO3B SI3KIB aude-
PCHLIANBHUX PiBHAHD 3 (IKCOBAHHUM KPOKOM IHTCTPYBAHHS € 3HAYHE 301TBIICHHS KUTBKOCTI OOMHC-
JICHb TIPY MiABHIICHH] TOPAIKY METOAY, 10 3MEHIIYE IIBUAKOAIIO MPOrpaM (TOMY HASBHI aITOPHTMH
00MEXKYIOTECA 4-5 TOPSIIKOM).

Hlnaxu BupimeHHs npodjaemu. OTHUM 3 MOXKITUBHX CHOCOOIB PO3B S3KY JIHIHHUX JU(EpeH-
iaJbHUX PIBHSHB € mepexia Bia audepeHIialpHUX [0 IHTCrpabHUX piBHSHb Bonbrepu 2-ro poay,
SKI MOXKYTb OyTH PO3B s13aHI YHCEIBHO MeTOA0M KBazpatyp. Lle Jae MOKIHMBICT BUKOPUCTATH MEpe-
Bard 1HTErpaJpHUX METOMIB IPHU PO3B A3aHHI MHIHHUX IudepeHuianbHuX piBHaHb |3, 4, 5]. [lepea-
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IO YHCEIBHOTO PO3B 3Ky PiBHAHBb BombTepu 2-ro poay 13 3aCTOCYBAHHAM KBaApaTypHHUX GOpPMYIT
Herorona-Koteca pi3HOI TOUHOCTI € HE3aNEKHICTh KITBKOCTI OOYHCICHb BiA MOPSAAKY 3aCTOCOBAHUX
dbopmyi [6], 1o 3abe3neuye 3MECHIICHHST TOXUOKH MPH HE3MIHHOMY 4aci 00UHC/ICHD.

OcHOBHMMH crIOCOOaMH MEpexony Bif AudepeHUIaIbHAX J0 IHTErpanbHUX PiBHAHb BompTepn
2-ro poay € MeToau cTapinoi noxigHoi [3, 4] Ta mOCHIOBHOrO IHTErpyBaHH [4].

MeTtog crapuioi noxiaHoi [3, 4] nonsirae B MpeACTaBICHHI TiHIHHOTO TUGEPEHLIATBHOTO PiB-
HSIHHSL BUAY

DIyI= 37 (x) + Ya, ()3 (x) = £ (x). 32 (0) =C, k=0, pL, M
k=1
nae Cj, — MoYaTKOB1 YMOBH, Y BUIJISIAI IHTErPpAIHOTO PiBHSHHS Bonberepu apyroro poay:
u(x)—IK(x, s)-u(s)ds:(p(x), 2)
0

ge K (x, s) — SIIPO IHTETPATBHOTO PIBHIHH:

4 (x —s)lH

K(x, s):—;ak (x)ﬂ, 3)
¢(x) — npasa yacTuHa:
(p(x):f(x)—CIF1 -a, (x)—(Cpi1 -x+Cp72)-a2 —...—(Cpl '%+Cl -x+Coj-ap(x). 4)

[Tpu Taxomy migxoxi BU3HAYAETHCH (DYHKLIS u(x) = el (x) (cTtapma noxigHa), a Amd OTpH-
MaHHS 3HAYCHHS MYKaHOi QyHKii y(x) HEOOX1THO MPOBOJUTH AOJATKOBE IHTCIPYBAHHS U (x) ®o-

pmyna interpysanns u (x) 6yae Takorw:

7 1 T -1
7+...+Cl-x+Co+7-I(x—s)p u(s)ds. (3)
(p=1)! (p=D!3

Metoa nocigoBHOro iHTErpyBaHHs [4] 3aCTOCOBYETHCS [T PO3B A3KY AN(EpEHIIanbHIX Pi-
BHSIHb 3 HOCTIHHUMH KoediieHTamu 4. 3MIACHIOYH MOCITIJOBHE IHTETPYBAHHS JIHIHHOTO AudepeH-
LiaTBbHOTO PIBHAHHS, OTPUMYEMO CKBIBAJICHTHE IHTCTPAIBHE PIBHIHHS BHIY

y(x) = Cpfl )

y(x)—IK(x, s)-y(s)ds ztl/(x), 6)
0
ge K (x, s) — SIIPO IHTETPATBHOTO PIBHIHH:
ro (x_s)k—l
K =—> A4 —— 7
(x’ S) ; .3 (k—l)' > ( )
l[/(x) — OpaBa YaCTHHA:
1 X p-1 xk p-1 xk
w(x)= I(x—s)p f(s)ds+ZCk +C, ZAk R
(n—l)' . =0 =0 '
c HA‘ D o (7D .
+ 1-; k-m+...+ H-W. (®)

IHocTtanoBka 3aBaaHusi. JlaHI METOAM BHKOPUCTOBYIOTBCS [ YHCETbHO-AHATITUYIHHX
Po3B’a3KiB An(epeHIIaTbHIX PIBHIHD (CIOYATKY AHANITHYHO OTPUMYIOTh CKBIBAJICHTHE IHTCTPaIbHE
PIBHSHHS, a MOTIM HPOBOANUTHCS HOTO YHCETbHUN PO3B°A30K METOAOM KBAIPATYP) TOMY METOH AAHOT
pO0OTH € OTPUMAHHS PEKYPSHTHUX ($OPMYI, HA OCHOBI SKHX MOXKJIMBE CTBOPCHHS NPOrpaM s HH-
CEIMBHOTO PO3B 3Ky An(epeHIIATBHUX PIBHAHD METOIOM KBaIPaTyP.

OcnoBna yactuna. Anamiz dopmyi sapa (3, 7) ta mpasux yactus (4, 8) EKBIBAICHTHUX IHTET-
paNBHUX PIBHSHD MOKA3YE, IO BOHH MOXYTh OYTH MPEACTABJICHI Y MATPHYHOMY BHIUIAL 1 IpOLIEC
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nepexony Bif JuGepeHLIATBHOTO A0 IHTEIPATBHOIO PIBHSAHHS MOXKEMO MPOBOIUTH 4HcenbHO. B pe-
3VIBTATI TAKOTO MIAXOAY OTPUMYEMO METOTH UYUCEIBHOTO PO3B s3KY AW(EpEHLIATbHUX PIBHSIHb 3
BHKOPUCTAHHIM KBaIPaTypPHUX (HopMyL.

Aximo po3s’ 130k AudepeHIIaTbHOrO PIBHIHHS MPOBOAUTECS HA MPOMDKKY BLA 0 10 & 3 KpOKOM
h, TO KITBKICTh PO3PAXYHKOBUX TOUOK X;

n:2+L
h

Anpo (3) iHTErpanbHOro PiBHIHHA ISl METOAY CTApIIOi MOXiTHOI MPEACTABHMO PEKYPECHTHOIO

dhopmy 080

Ky.:—.liak(xi)'(ékfl.)!: i=1n (9)

IpaBy vactuny (4) IHTErpaapHOrO PIBHSHHS 32 METOAOM CTAPIIOI MOXITHOT TAKOK MPEACTABU-
MO PEKYPEHTHOKO (popMyI0I0

J k-1 g S
= f(x,)— a(x) > C , ———| i=Ln (10)
P, f( ) ; k( );) p-l-g (k—l—g)'

OTtpumane pisasaHs Bonbrepu (2) As cTapiinoi noxiaHoi # (xl.) = (xl.) PO3B’SI3YEMO 3 BU-

KOPUCTAHHAM pekypeHTHOI Gopmymnn [3, 4, 5]

i—1
E +ZAJ. K, u,
j=1

u = : Ji=1n, 11
j 4K, (1n

3a YMOBH
1-4.-K,#0,
ae A; — xoedimieHTH 3aCTOCOBAHOI KBaApaTypHOi (hOPMYIIH IHTETPYBaHHS.
Hna uucensHOro poss’sa3ky Bukopucropyemo dopmynn Herorona-Koteca ta anropurm mpea-
CTaBJICHUH B [6].

3naucHHs mykanoi GyHkuii y(x) (5) mpeacTaBuMO PeKyPEHTHO (OPMyIO0

1 i—1 _
=c,+— > A k., i=1n, 12
AP IL R (12)
ae k;; — miAIHTerpaIbHAN BUpPA3:
i 4 _
ky.:Z(xl.—xj)p ‘u;, i=1n, (13)
=1
¢; — BIIbHHUH YJIEH:
? 1 _
ci :chfl -7" l: N n. (14)

s ocTaToOuHOrO BU3HAUCHHS IMYKAHOI (QyHKIi y(x) BHKOpHCTOBYEMO Gopmyan Herorona-

Koreca ta anropurm mpeacrasicHuil B [6] 1 aaanToBaHui Mix BIANOBIAHY PEKYPSHTHY (hopmMymy.
®dopmyBaHHS MaTpULI sSApa IHTETPATBHOTO PIBHAHHS 332 METOAOM IMOCTIJOBHOTO 1HTEIPYBaHHS
(7) ananoriuHo MeTOMY cTapiuoi MoxXiAHOI (3), ToMy O0UHCICHHS MPOBOAUMO 3a hopmynoro (9).
[IpaBy wacTuHY iHTErpaIbHOro PIBHAHHA (8) 32 METOAOM TMOCTITOBHOTO 1HTEIPYBAHHS NPEI-
CTaBJISIEMO PEKYPEHTHO (POPMYIIOD

i1 _
v, :Zi+L.ZAj.ry., i=1n, (15)
J=l

(p-1)!

A€ ¥y — MAIHTErPATbHAN BHPA3:

n=Y(x-x)" £, i=Ln, (16)
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¢; — BIIbHHUH YJIEH:
p-1 — p-1- k+ g

:ZC Z Z i=1 n (17)

g=0 k=1 k+g)

Otpumani pe3ynbraTi. Ha OCHOBI OTpHMaHHUX pekypeHTHHX (opmya (9)-(17), po3pobieHo
nporpamu voltdifn Ta voltdify, B axux ms uncenbHUX Po3B s3KiB piBHAHB BonbTepu apyroro poxy
BHKOPHUCTAHO aaroput™ voltnew [6] 3 3acrocysannsm dopmyn Herorona-Koreca pizHoi TOUHOCTI.

Bigminnicts nporpamu voltdifn Bix voltdify mondrae B Tomy, mo B Hill po3B’a30k audepeHwia-
JbHHX PIBHSAHB NPOBOJUTHCS 32 METOJOM cTapiuoi moxigHoi, a B mporpami voltdify — 3a MmeTozom no-
CNIOBHOTO IHTEIPYBAHHS, IO BIUTMBAE HA MOMKIMBOCTI 3aCTOCYBAHHS MIPOrPaM Ta BEIUUHHY IOXHOKH
OOUHCIICHB.

B mporpamax BUKOPHCTOBYETHCS METOX KBAAPATYP HA OCHOBI anroputMmy voltnew [6], B akomy
nependaucHa MOKIHBICTh BHOOPY KBapaTypHOi (popMymH Bi ABOX- IO ACB ATHTOYKOBOI GOpMYIH
Herorona-Koreca, mo migsuiye yHIBEpPCaJbHICTh AAHOTO AJITOPUTMY Ta JAO3BOJISIE BIACIIAKOBYBATH
3MIHY BETHYHHH MOXUOKHU BiJ TOYHOCTI anmpokcuMyrouoi gpopmynu. Bpaxosyioun, mo B JaHOMY anro-
PHUTMI 3HAUCHHS }; OOUUCITIOEThCA 32 (POPMYIIOKO Tpamewii, 1Kka Ma€ JO0CTATHBO BEIMKY MOXHUOKY, HOro
JOOMPALIBOBAHO AT OTPUMAHHS OLTbII TOYHOTO 3HAYCHHS (PYHKIII MIJISIXOM 3MCHIICHHS TIOYaTKOBOTO
KpOKY pospaxyHKy. Takum unHOM B mporpamax voltdifn ta voltdify Bukopucrano kBaapaTypHuii an-
TOPUTM 3 YTOUHCHHSM V>, V3 TA Va4, 3HAYCHHS IKUX OOUHCITIOIOTHCS 3 MCHIINM KPOKOM Ta 3a (opmy-
JIAMH BUIIOI TOYHOCTI.

Ha tecroBux 3amauax [2, 3] mpoBoAMMO TOPIBHSHHS INTaTHUX coiBepiB odedd Ta ode23
MATLAB ta orpumannx nporpam voltdifn 1 voltdify. Bu3nayaemo moxuOky Ta KiTbKICTh TOUOK, B
AKUX 00UHCICHO (PYHKLIO A OTPUMAHHSA HEOOX1IHOI TOYHOCTI.

3amaua 1 (mpuxnaz 1.14 [3]):

TOYHUH PO3BSI30K:

3anaua 2 (mpuxnazg 6.16 [2]):
Y'+2-y'+10- y =sin(x);
y(0)=1 y'(0)=0,

TOYHHUHA PO3B’SI30K:

y(x)= —%-[cos(x)—%sin(x)}r
2 o )

AbcomrorHa moxuOka OOUHCICHb A, BH3HAYAETHCA SIK MOAYINb PI3HHUII MIXX TOYHHUM 3HAYCH-

HAM 1u(EpEHIIATBHOTO PIBHIHHESI Y, (x) Ta HAOMDKEHNM Y, (x), OTPUMAHUM BIATIOBITHHUM YHCCTb-
HUM METOAOM
=[yu (¥) =i (%)
Pesynpratu po3s’sizky 3azau 1 ta 2 mporpamamu voltdifn (3a meromom crapiuoi nmoxiaHoi) Ta

voltdify (3a MeTogOM MOCTIJOBHOTO IHTEIPYBAHHA), & Takox ImTaTHUX consepiB MATLAB, nmsa mak-
CHMAJIbHHX 3HA4YCHb Max A , MOXHOKH, IPH PI3HIHN KITBKOCTI TOUOK PO3PAXYHKY /1, 3BECHI B Ta0m. 1.

A

HiarpaMu HaWOLTbII XapaKTEPHUX BHMAAKIB MAKCHMAIPHUX 3HAYEHb Max A , TOXHOKH IpEeICcTaBIIe-

A

Hi Ha puc. 1. [loBeninky moxubku A, HaWOLIBII XapaKTEPHHUX BHIAIKIB 300pakeHO HA puc. 2, 3.

A

Po3B’a30k 3amau mrarHnmu consepamu nporpavu MATLAB 3aificHroBaBes 3 miadopoM BemH-
qunu abcomoTHOl (AbsTol) Ta BizHocHOI (RelTol) moxubku Tak, miod KUTBKICTh TOUYOK PO3PAXYHKY
MiHIMATIbHO BiAPI3HATIACE 1 HOPIBHAHHS OTPUMAHUX AAHUX OyI0 HAHOLIBII KOPEKTHHM.
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ey

T ——
| SRR

Puc. 1. MakcnMaibHA BeJIHMHHA OXHOKH o0unc/ens porpaMm voldifn, voltdify Ta ode113
—3axa4da 1 aa nmpomixkky [0; 1]; 6 — 3axaua 2 Ha mpomikky [0; 5].

=l

a

| [NEY

el

== lerr

o

TatGmuusg 1

PesyabTaTtn po3s’sasky 3agau 1 ta 2
IMporpama | Kimbkicts Touok | MakcumaibHa Kinmekicte TOuok | Makcumanbha
00YHCIICHB, /1 MOXHOKa OOYNCICHD, | OOYHMCICHB, /1 MOXHOKa OOYNCIICHB,
max A, max A,
3amaua 1 (#a npomizkky x =[0; 1]) 3anaua 2 (#a npomizkky x =[0; 5])
voltdifn 41 1.3517¢-10 101 2.7099¢-07
voltdify 41 7.8723e-11 101 3.3356¢-07
ode45 41 3.3439¢-08 101 2.3669¢-04
0de23 63 3.0041e-07 116 8.8910e-05
-13" , Lttt . _
——nl-%u=-1" < T —A— w4 CH
—"—dul.'i:'.l:u--' :: II = -:-I:.r\-.lr:.lg ;]l'
iy, il | MEE
O O B o L
, . TJ R TSR LRI A )
-+ ST | |' JI|||I
BRI oo B AT
|FI||I| ||||||||||II| II| |r, [ EY | & i “.,xl % -¢|I TH
J”\Ii uli iy | b ] N ||'.': Lo
I -:I- p I
. ! = I

Puc. 2. I'padixn 3Mian Besmanan moxudkn odunciaens nporpam voldifn, voltdify Ta ode45
—3ama4da 1 aa npomikky [0; 1]; 6 — 3axaua 2 Ha mpomikky [0; 2,5].
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|t ez
| & werar-lnn
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] i o : -
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Puc. 3. I'padixn 3Mian Besmanan moxudkn odunciaens nporpam voldifn, voltdify Ta ode23
—3axa4da 1 aa nmpomixkky [0; 1]; 6 — 3axaua 2 Ha mpomikky [0 5].
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BucHoBkHd. MiHiManbHy TOXHOKY OOUMCIEHb TecTOBOi 3agaui 1 (maxA, =7,8723-107"")
otpumatno niporpamoto voltdify, apyruit pesyabtar (max A, =1,3517-107") — nporpamoro voltdifn.
MiniMaibHy MOXHOKY OGMUCIEHb TecTOBOI 3adadi 2 (max A, =2,7099-10"") orpumano nporpa-

moro voltdifn, mpyruii pesyastar (max A, =3,3356-10""") — orpumano nporpamoro voltdify. [oxu-

abs
Oku mrrataux consepis MATLAB, npu o04unc/ieHHI TECTOBUX 337a4, HA ACKUIbKA MOPSIKIB OLThIII 32
MOXUOKH MPOrpam i3 3aCTOCYBAaHHAM MeToay keaapatyp. Ha ocHOBI 1iporo MoxkeMo 3poOHTH BHCHO-
BOK IPO BHCOKY TOYHICTh OOYHCIICHBb, MPOBEACHUX 3a AomoMororo mporpam voltdifn ta voltdify, B
SAKUX BUKOPHUCTOBYBaNack BochMuTOUKOBa (popmyna Herorona-Koteca, mo miareepaxye edekTus-
HICTb 3aCTOCYBaHHS (POPMYN BHCOKOrO MOPSAKY IS PO3B I3KY K Au(epeHIianbHuX, TaK 1 IHTerpa-
JbHHUX PIBHAHB METOAOM KBaipatyp [6]. Takum unmHOM, 3ampOmOHOBaHMHA METOJ MOXKE SPEKTHBHO
BHKOPUCTOBYBATHUCH ISl YUCCTBHOTO PO3B’SI3KY NMHIMHUX JTU(QEPCHLIATPHUX PIBHAHB. 3aCTOCYBAHHS
kBaapatypaux popmya Herorona-KoTeca BUIIOI TOYHOCTI Aa€ MOKIUBICTh Oy IYBATH AJITOPUTMH IS
YHCENBHOTO PO3B A3KY NiHIMHUX AU(EpeHLIaTIbHUX PIBHAHB, fAKi € OiMbII ¢()EKTUBHHUMH 32 METOIU
Pynre-KytTH, peanizosani nporpamoro MATLAB.
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