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����  ����� &����+��� 
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�$
���� $��
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� &�����
� ��&$����� 
� $��
��� 
 
�� �$������
�$������ $� "� 
������. ��&����� ���
���� &�����( $� �
��� &����+��� 
�� ���� (
�$����� $�
����, 
��� "� ��"), $���������( (��� $��&����
� �� ��������( �$
����� ��� ��
�� ($�(� 
�����, ������ 
 ��. 
��,��
��) 
 ������ & ��� $������ � "� ������. 

��)���� �����: �$
����� ��� ��
, &����+�� 
�� ���� �$����, ����
������ $�� ���. 

�����

�������  !"#�$" % & '"��"(" )#)()�'�(" $#*
+"(�!,+���* '� ') #&+&-& .&�'!&#, &/’0.'�+ !�%-
�&1 2�%"��&1  !"!&$" (+3�$�� %�3"��� +�.�� '�  #&�-
.� $%)!.�#� �  !"4�#�3 $#* � &�')!)5)��* � +"$"-

(�6 '� �	 &/#��'*3 � ).'!�,  #&�.� )#)()�'" �'"-

.&+"3 +�%#�+ � & '"��"3 �+�'#&+&$�3 $#* ()$"��"3
 !"#�$�+ $��-�&�'"." '� #�.�+���*,  �$.#�$." �+�'-
#&2�#7'!�+ �	- !"#�$�+ '&8&)  !" %/)!�-����, 
'!��� &!'�+���� '� %��'&��+����  �$$�,'7�* ��')�-

�"+�"( %&+��9��( ')!(&$�*( ( �$+"8)�� ')( )!�-

'�!" ��-!�+� '� %&+��9�� '".", �$�!�� ')!(&$�1 +
�(&+�3  &�'!�#� '�  &#7&'�) [1 – 5].  

� +.�%��"3 �(&+�3 +�$/�+�0'7�* ��''0+� %(���
+#��'"+&�')6  &+)!3�)+"3 9�!�+ & '"��"3 )#)()-

�'�+ �5 $& 13 !�6��+���* ( &*+� '!�8"� '� �.&#�+, 

-#"/&.)  &+)!3�)+) & #�+#)��*  #��'"� % �'+&-

!)��*( �� #"+�+, 3+"#) &$�/�"3  &+)!3&�7 '� %(�-
�" -)&()'!"��&1 2&!(" '� ��. $)2).'�+), 8&  !"-

%+&$"'7 $& ��''0+&-&  &-�!9)��* ')3��.&-

).� #��'�4�6�"3 3�!�.')!"�'".  !"#�$�+ '� 13 +"-

3&$� % #�$�.    

&(� ��''0+&-& %���)��* ��/�+�0  & )!)-

$5)��* +"(�9)�"3 !�6��+��7 & '"��"3 )#)()�'�+
� !�%� + #"+� %&+��9��3 ')!(���"3 $�6. �&�"  &+"-

��� /�%�+�'"�7 �� ���.&+&-&/:!��'&+��"3 ()'&$�3
+"%���)��* .!"'"��"3 %���)�7  �!�()'!�+ ')!(��-

�"3 + #"+�+ �� & '"��� )#)()�'",  )!)+"8)��*
*."3  !"%+&$"'7 $& 13  )!)$����&-& !�6��+���*.  

�&%!&/.� '�."3 ()'&$�+ +"(�-�0  !&+)$)��*
')&!)'"��"3 '� ).� )!"()�'�#7�"3 $&�#�$5)�7
 !&4)��+ ��-!�+� & '"��"3 )#)()�'�+ !�%�&1 2&!("
( #&�."3,  &$+�6�&1 .!"+"%�", 4"#��$!"��"3 '�
�2)!"��"3 )#)()�'�+ '&8&), � '�.&5 $#* !�%�"3
%���)�7 %&+��9��3 ') #&+"3  &'&.�+ '� ����+ 13 $�1. 
�"�� + #"+" %&+��9�7&1 ')!(���&1 $�1 �� & '"���
)#)()�'" !�%�&1 -)&()'!"��&1 2&!(" +"+�)�� �)$&-

�'�'�7&: +�$��'�� ()'&$" %��3&$5)��* .!"'"��"3
%���)�7  �!�()'!�+ %&+��9��3 ')!(&$�6, 8& /�%�-

,'7�* �� -!��"��& $& ��'"("3 %���)��*3 ')!(&-

 !�5�"3 �� !�5)�7 � +.�%��"3 & '"��"3 )#)()�-

'�3 [1, 6].  

&(� ����	 
��� ������ 0 !&%!&/.� �)#�-
��6�"3 (�')(�'"��"3 (&$)#)6 %&+��9��3 ')!(&$�6
�� & '"��� )#)()�'" � +"-#*$�  #&�."3  #��'"�
!�%�&1 '&+8"�", 8& +!�3&+�,'7 ')( )!�'�!�� %�-
#)5�&�'� ') #&2�%"��"3 +#��'"+&�')6 (�')!��#�
(&/’0(�&1 ') #&0(�&�'� CV (T) '� .&)2�4�0�'� ') -

#& !&+�$�&�'� λ(T)) '� $&%+&#*,'7 %��3&$"'" .!"-

'"��� %���)��* 13  �!�()'!�+.  

���������� 
����
���� �� � ������

�#* $&�#�$5)��* + #"+�  �!�()'!�+ %&+��9-

��3 ')!(&$�6 (') #&+&-&  &'&.� qn '� ���� 6&-& $�1
t) �� !&/&��  &+)!3�� )#)()�'�+ % & '"��&-& �.#�
(�8, �108, �208, ��10, ;110) '� .)!�(�. (��1, 

��2, ��3, ��5, ��12) +".&!"�'&+�+�#"�7  #��-

'"�" '&+8"�&, # = 2…6<10
-3 (, &��&+�� 2�%".&-
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()3������ 3�!�.')!"�'"." *."3 (&5�� %��6'" �
!&/&'�3 [2, 7, 8]. 

)&!)'"��� $&�#�$5)��* !&% &$�#�+ ')( )!�-
'�!" '� ')!(& !�5�"3 �� !�5)�7  & '&+8"�� & -

'"��"3  #��'"�  !&+&$"#"�7 %� $& &(&-&, +�$&-

("3 ()'&$�+ ')&!�1 ') #& !&+�$�&�'� '� ')!(& !�-

5�&�'� [9 – 12]. 


.� )!"()�'�#7�� $&�#�$5)��* % +"%���)��*

.!"'"��"3 %���)�7 *
$q '� *t  !&+&$"#"�7 �� �'��-

$�!'�&(� &/#�$����� % +".&!"�'���*( .)!&+��&-&
�	-��-!�+� & '"��"3  #��'"� .+�!4&+"(" #�( �("
'" � ���-220-1000-1 % +".&!"�'���*( ')!(&$�'-
�".�+ ��;-101 $#* .&�'!&#, ')( )!�'�!" ��  &-

+)!3��  #��'"�" + $�� �%&�� 300…1900 � [2, 6] '�
%&+��9�7&-& ') #&+&-&  &'&.�, 8&  &�'� �0 �� �)1
� !&%-#*$�+��&(� $�� �%&�� %(��"  &'&.�. 

�#* %��3&$5)��* !&% &$�#�+ ')( )!�'�!" '�
')!(& !�5�"3 �� !�5)�7 � & '"��"3  #��'"��3
/�#& !&%!&/#)�& ���'� �� (�')(�'"��� (&$)#�. 

)
� 
���  ����� $������ ������ $�����"

$��
���  ��" 
������.  

�!" %&+��9��6 ') #&+�6 $�1 ��  &+)!3�,  #�-

�'"�"  &�'� �0 !�+�&(�!�& !&% &$�#)�"6 ') #&+"6
 &'�. qn(t) (!"�. 1).  

�&$�&���, !&%-#*$�0'7�*  #��'"��, $#* *.&1

0=
∂

∂
=

∂

∂

y

T

x

T
 (&$�&(�!���'7 !&% &$�#� ') #� �-#"/

 #��'"�"), � '�.&5 -#"/"�� %&�" ')!(&$�1 Íδ ≈

(
2

0
2 aδ = ⋅ ⋅ τ , $) 2

0
a  – .&)2�4�0�' ')( )!�'�!&-

 !&+�$�&�'� & '"��&-& (�')!��#� ((2
/�); τ – ���

%&+��9�7&1 ') #&+&1 $�1, �) [6], '&/'& +!�3&+�0'7�*
') #&&/(�� �� �"5�7&(� /&4�  #��'"�".  

�"�. 1. �3)(� ��-!�+� & '"��&1  #��'"�" %&+��9-

�7&, ') #&+&, $�0,: # – '&+8"��  #��'"�", 

(; qn(t) – %&+��9��6 ') #&+"6  &'�., �'/(2
. 

�.&5 ++�5�0'7�*, 8& ') #&+'!�'" %� !�3��&.
+" !&(��,+���* (�%)!�& (�#� +���#�$&. (�#"3
%���)�7 ')( )!�'�!"  &+)!3��  #��'"�" (�) /�#7-

9) 1000…1500 �) [2, 6]. 

�."( �"�&(, !&%-#*$�0'7�* '�.� &$�&(�!��, 
�)�'�4�&��!�� '� �)#���6�� (�')(�'"��� (&$)#7
 &+)!3�)+&-& ��-!�+�  #��'"�" [9, 10]: 

( )( ) ( )
( )( ) ( )

V

, ,
C , ,

T z t T z t
T z t T z t

t z z

∂ ∂� �∂
⋅ = λ ⋅� �

∂ ∂ ∂� �
,

0 < z < H, t > 0,                             (1) 

( ) 00
,

t
T z t T

=
= ,                             (2) 

( )( ) ( )
( )

,
, ï

z H

T z t
T z t q t

z
=

∂
λ ⋅ =

∂
,              (3) 

( )( ) ( )

0

,
, 0

z

T z t
T z t

z
=

∂
λ ⋅ =

∂
,                    (4) 

$) T(z,t) – ')( )!�'�!� + !�%�"3 '&�.�3 z  & '&+8"-

��  #��'"�" + !�%�� (&()�'" ���� t, .0 –  &��'.&+�
')( )!�'�!�  #��'"�", �. 

�!�3&+�,�" ).� )!"()�'�#7�& +�'��&+#)��
)( �!"��� %�#)5�&�'� [2, 8] 

( ) 0V VC Ò Ñ T ν= ⋅ , ( ) 0
Ò T νλ = λ ⋅                 (5) 

(CV0, λ0, v – )( �!"��� .&��'��'", 8& %�#)5�'7 +�$
 !"!&$" & '"��&-& (�')!��#�) � !&/#*�" %�(���
%(���"3

( ) ( ) 1 1

0
, ,z t T z t T

ν+ ν+θ = − ,                    (6) 

&$)!5�0(& ���'� �� #��)�!"%&+��� �"�')(� !�+-

�*�7

( ) ( )2

2

0 2

, ,z t z t
a

t z

∂θ ∂ θ
= ⋅

∂ ∂
,                          (7) 

( )
0

, 0
t

z t
=

θ = ,                                (8) 

( )
( )

,
n

z H

z t
q t

z
=

∂θ
=

∂
,                          (9) 

( )

0

,
0

z

z t

z
=

∂θ
=

∂
,                          (10) 

$)           ( )
0

1
nnq q t

ν +
= ⋅

λ
,      

0

2 0

0

V

a
C

λ
=  .            (11) 

�&%+’*%�,�" %�$��� (7) – (10) %� $& &(&-&,
.&�"���- )!)'+&!)��* ;�!’0 ( & %(����6 z) [9, 10], 

� '�.&5 +!�3&+�,�" ( ) constqtq nn == 0 , &$)!5�0-

(&:   

( )
( ) 2 2 2

1 0

0 2

0

1 3 2
,

6

nq a t z H H
T z t T

H H
ν+

� ν + ⋅ � ⋅ −	
= + ⋅ + + ×
 �

λ π	 �

( )
2

0

1

1

1

2
1

cos

1

a n
tn H

n

n z

H e
n

ν+
π⋅ ⋅� �∞ − ⋅� �+ � �

=

π⋅ ⋅ ��
	�	

× − ⋅ ⋅ ��
	�
	��

� .  (12) 

)
� 
���  ����� $������ ������ $�����"

$��
��� ������" 
������.  
��(�!�"6 ') #&+"6  &'�.  )!)$/���0'7�* !�-

+�&(�!�& !&% &$�#)�"( ��  &+)!3��  #��'"�"
($"+. !"�. 1).  

�)!)$/���0'7�*, 8& 0
T T

x y

∂ ∂
= ≈

∂ ∂
 (&$�&(�!-

���'7 !&% &+�,$5)��* ') #� +-#"/  #��'"�") '�

( )
1

2 2

02 a Hδ = ⋅ ⋅ τ <<  (') #&+� + #"+" 0  &+)!3�)-



ISSN 0201-744X, ISSN 0321-2211

������� �� 	
������ 	
������ ��
������� 	
������  �� ������

76                  ����� ���� “���”. ��
�� ���� !"#�!�� ��$. – 2016. – ��	. 51(1)

+"(", � ') #&&/(�� �� �"5�7&(� /&.�  #��'"�" �)
+!�3&+�0'7�*). 

��+�*��* (�')(�'"��&1 (&$)#� ��-!�+�  #��-

'"�" (�,'7 +"-#*$ [9, 10]: 

( ) ( )V

T T
C T T

t z z

∂ ∂ ∂� �
⋅ = λ ⋅� �∂ ∂ ∂� �

, 0>t , +∞<< z0 , 

(13) 

( ) ( )
0

ï
z

T
T q t

z =

∂
−λ ⋅ =

∂
,                     (14) 

00t
T T

=
= ,                              (15) 

0
T T→ , 0

T

z

∂� �
→� �∂� �

 !" z → +∞ .     (16) 

�!�3&+�,�" %�#)5�&�'� CV(T) '� λ(T) (5) '�
!&/#*�" %�(��� %(���"3 (6), &'!"(�0(& ���'� ��
#��)�!"%&+��� �"�')(� !�+�*�7: 

2
2

0 2
a

t z

∂θ ∂ θ
= ⋅

∂ ∂
,                        (17)  

0
0

t =
θ = ,                           (18) 

( )
0

n
z

q t
z =

∂θ
− =

∂
,                     (19) 

0θ → , 0
z

∂θ
→

∂
 !" z → +∞ , 

( ) ( )
0

1
nnq t q t

ν +
= ⋅

λ
                      (20) 

�".&!"�'&+�,�" $#* !�9)��* �"�')(" !�+-

�*�7 (17) – (20) .&�"���- )!)'+&!)��* ;�!’0 ( &
%(����6 z) [9, 10], � '�.&5 % +!�3&+�,�"

( ) 0n nq t q const= = , &$)!5�0(& ���'� �"6

!&%+’*%&. +"3�$�&1 %�$���:  

( )
( ) ( )

2

2
0

1

1

4

0 01

0

00

1
,

z

t a t
na q e

T z t T d
t

ν+
−

⋅ −τ
ν+

� �
� �ν+ ⋅ ⋅

= + ⋅ τ� �
π⋅λ −τ� �

� �� �

� . (21) 

� +" �$.�, 8& !&%-#*$�0'7�*, +"�".�)��*
')!(& !�5�"3 �� !�5)�7  &+’*%��& % -!�$�0�'&(
')( )!�'�!"  & '&+8"��  #��'"�" (�%$&+5 �z), �
13 +)#"�"�� σ(z,t) (�0 +"-#*$ [11, 12]: 

( ) ( ) ( )
2

2
, , 2 3

1

V E
z t T z t H z

H

α ⋅ �
σ = − + ⋅ − ×�

− ν �

( ) ( ) ( )
3

0 0

6
, 2 ,

H H

T z t dz H z z T z t dz
H

�
× − ⋅ − ⋅ ⋅ �

�
� � , (22) 

$) αV – .&)2�4�0�' ')!(���&-& !&%9"!)��*, �-1
; ν  – 

.&)2�4�0�' �����&��; / – (&$�#7  !�5�&�'� =�-�, 

�/(2
. 

� !)%�#7'�'�  !&+)$)�"3 !&%!�3��.�+ (!"�. 2 –

 9) /�#& +�'��&+#)�&, 8&  & '&+8"��  #&�.&1  #��-

'"�" ')!(���� �� !�5)��* ��'&'�& �)!�+�&(�!��: 
 &/#"%� 11  &+)!3�� (�,'7 (��4) �'"�.�,�� (σ< 0, 

|σ|max = 4,8⋅10
7
...5,3⋅10

7 �/(2
 – $#* & '"��&-& �.#�

'� |σ|max = 1,7⋅10
8
...2,4⋅10

8 �/(2
 – $#* & '"��"3 .)-

!�(�.), � �� �"5�7&(� /&4� – !&%'*5�� (σ> 0, |σ|max

= 1,2⋅10
7
...1,7⋅10

7 �/(2
 – $#* & '"��&-& �.#� '�

|σ|max = 0,7⋅10
8
...1,5⋅10

8 �/(2 
– $#* & '"��"3 .)!�-

(�.) [2, 7, 8]. 

�&$�&���, �'� ��7 + #"+�  �!�()'!�+ %&+��9-

��3 ')!(&$�6 ���'� �"6: %/�#79)��* ���� ') #&+&1
$�1 +�$ t = 2 � $& t = 14 �  !"%+&$"'7 $& %!&�'���*
|σ|max � 1,8…4,2 !�%� – $#* & '"��&-& �.#� '� �
1,5…3,7 !�%� – $#* & '"��"3 .)!�(�..  

0,75 2
0

1

0,25

- 2

1

0,5
z/H

    σ, 
01 �/(7 2

- 1

- 4

- 3

- 5

0,75 2
0

1

0,25

- 1,8

0,9

0,5
z/H

    σ, 
01 �/(7 2

- 0,9

- 3,6

- 2,7

- 4,5

�)                                                                                         /) 

�"�. 2. �&% &$�# ')!(���"3 �� !�5)�7  & '&+8"��  #&�.&1  #��'"�" % & '"��&-& �.#� �8 '� ;110 %�#)5�&
+�$ %&+��9�7&-& ') #&+&-&  &'&.� qn0 (.0 = 300 �; t = 0,5 c): 1 – qn0 = 1,5⋅10

5 �'/(2
; 2 – qn0 = 2,3⋅10

6

�'/(2
; �)  #��'"�� (�#&1 '&+8"�" % & '"��&-& �.#� �8; /)  #��'"�� +)#".&1 '&+8"�" % & '"��&-& �.#�

;110. 

�!" %(���  �!�()'!�+ %&+��9��3 ')!(&$�6 +)-

#"�"�� |σ|max (&5) $&�*-�'" .!"'"��"3 %���)�7

( )*** ,tq$σ  ( *
$q , 

*t – %���)��*  �!�()'!�+ %&+��9��3

')!(&$�6,  !" *."3 +".&��0'7�* �(&+� |σ|max = *σ ), 

 )!)+"8)��* *."3  !"%+&$"'7 $& !�6��+���* +)!-

3�7&-& /&.� & '"��&1  #��'"�" ($#* ���3 $&�#�-
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$5�+��"3 $�� �%&��+ %(��"  �!�()'!�+ !�6��+���*
�"5�7&-& /&.�  #��'"�" �) +"�".�0). 

��'��&+#)�& +%�0(�� &$�&%����� +�$ &+�$-

���'7 (�5  �!�()'!�(" *
$q '� t*

: $#* & '"��&-&

�.#� – %/�#79)��* %���)�7 t* +�$ 0,25 � $& 1, 4 �

 !"%+&$"'7 $& %()�9)��* %���)�7 *
$q +�$ 2,3⋅10

6

�'/(2 $& 1,4⋅10
6 �'/(2

, � $#* & '"��"3 .)!�(�. – 

%/�#79)��* %���)�7 t* +�$ 0,5 � $& 1,4 �  !"%+&$"'7

$& %()�9)��* %���)�7 *
$q +�$ 2,3⋅10

6 �'/(2 $&

2,1⋅10
6 �'/(2

. 

���'�+#)��* !)%�#7'�'�+ !&%!�3��.�+
($"+. !"�. 5, 9) % ).� )!"()�'�#7�"(" $��"("  &-

.�%�#&, 8& !&%3&$5)��* (�5 �"(" �)  )!)+"8�-

,'7 7…9 %.  

0,60 0,2

3

5

1

7

0,4 t, c

    � �σ    , 
01 �/(7 2

max

9

11

0,8 1,0 1,2 1,4

2      
1      

t*      

      0,60 0,2

3

5

1

7

0,4 t, c

    � �σ    , 
01 �/(7 2

max

8

0,8 1,0 1,2 1,4

2      
1

t*      
2

4

6

�)                                                                                         /) 

�"�. 3. ��#)5���'7 (&$�#* (�.�"(�#7�"3 ')!(& !�5�"3 �� !�5)�7
max

σ �  #&�.�6  #��'"�� % & '"��&-&

�.#� �8 '� ;110 +�$ ���� %&+��9�7&1 ') #&+&1 $�1 $#* !�%�"3 %���)�7 %&+��9�7&-& ') #&+&-&  &'&.� (.0

= 300 �): 1 – qn0 = 2,3⋅10
6 �'/(2

; 2 – qn0 = 1,5⋅10
5 �'/(2

; 

�)  #��'"�� (�#&1 '&+8"�" % & '"��&-& �.#� �8; /)  #��'"�� +)#".&1 '&+8"�" % & '"��&-& �.#� ;110;  

–––––– – !)%�#7'�'" !&%!�3��.�+; – – –  – ()5� (�4�&�'� & '"��&-& (�')!��#� σ*
. 

161 6

3

5

1

7

11 qn, 10
5 

�'/(2

    � �σ    , 
01 �/(7 2

max

9

21 26

3      

1

qn      

11

2      

*

      
161 6

3

5

1

7

11 qn, 10
5 

�'/(2

    � �σ    , 
01 �/(7 2

max

9

21 26

3

4      

qn

1

*

�)                                                                                           /) 

�"�. 4. ��#)5���'7 (&$�#* (�.�"(�#7�"3 ')!(���"3 �� !�5)�7 |σ|max �  #&�.�6  #��'"�� % & '"��&-& �.#� �8 

'� ;110 +�$ %&+��9�7&-& ') #&+&-&  &'&.� $#* !�%�"3 ����+ 6&-& $�1 (.0 = 300 �):  

1 – t = 1,4 c; 2 – t = 0,2 c; 3 – t = 0,85 c; 4 – t = 0,1 c; 

�)  #��'"�� (�#&1 '&+8"�" % & '"��&-& �.#� �8; /)  #��'"�� +)#".&1 '&+8"�" % & '"��&-& �.#� ;

110; *
$q  – .!"'"��� %���)��* %&+��9�7&-& ') #&+&-&  &'&.�, �'/(2

; –––––– – !)%�#7'�'" !&%!�3��.�+; – 

– – – ()5� (�4�&�'� & '"��&-& (�')!��#� σ*
. 
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0,1

1,3

1

1,6

0,4 t, c

1,9

2,2

0,7 1,0 1,3 1,6

2      

1

qn, 10
6

�'/(2

*

*

�"�. 5. �%�0(&%+’*%&. .!"'"��"3 %���)�7 %&+��9-

�7&-& ') #&+&-&  &'&.� *
$q '� ���� 6&-& $�1 t*

��  #&�.�  #��'"�� % & '"��&-& �.#� ;110 

'� �8 (.0 = 300 �): 1 –  #��'"�� +)#".&1 '&+-

8"�" % & '"��&-& �.#� ;110; 2 –  #��'"��
(�#&1 '&+8"�" % & '"��&-& �.#� �8; >, ?  – 

).� )!"()�'�#7�� $���. 

0,75 2

0

1

0,25

0,5

0,5
z/H

σ, 
01 �/(8 2

- 0,5

- 1

- 51,

0,75 2

0

1

0,25

1

0,5 z/H

σ, 
01 �/(8 2

- 1

- 1,5

- 2

�)                                                                                      /) 

�"�. 6. �&% &$�# ')!(���"3 �� !�5)�7  & '&+8"��  #&�.&1  #��'"�" % & '"��"3 .)!�(�. ��2 '� ��12 %�#)5-

�& +�$ %&+��9�7&-& ') #&+&-&  &'&.� qn0 (.0 = 300 �; t = 0,5 c): 1 – qn0 = 1,5⋅10
5 �'/(2

; 2 – qn0 = 2,3⋅10
5

�'/(2
; �)  #��'"�� (�#&1 '&+8"�" % & '"��&1 .)!�(�." ��2; /)  #��'"�� +)#".&1 '&+8"�" % & '"��&1

.)!�(�." ��12. 

60 2

1,0

1,5

0,5

2,0

4 t, c

    � �σ    , 
01 �/(8 2

max

2,5

8 10 12 14

2      

1      

t*

   60 2

1,5

2,0

1,0

2,5

4 t, c

    � �σ    , 
01 �/(8 2

max

3,0

8 10 12 14

2      

1      

t*      

3,5

             �)                                                                                           /) 

�"�. 7. ��#)5���'7 (&$�#* (�.�"(�#7�"3 ')!(& !�5�"3 �� !�5)�7 |σ|max �  #&�.�6  #��'"�� % & '"��"3 .)-

!�(�. ��2 '� ��12 $#* !�%�"3 %���)�7 %&+��9�7&-& ') #&+&-&  &'&.� (.0 = 300 �):  

1 – qn0 = 2,3⋅10
6 �'/(2

; 2 – qn0 = 1,5⋅10
5 �'/(2

; �)  #��'"�� (�#&1 '&+8"�" % & '"��&1 .)!�(�." ��2; /) 

 #��'"�� +)#".&1 '&+8"�" % & '"��&1 .)!�(�." ��12; ––––– – !)%�#7'�'" !&%!�3��.�+;– – –  – ()5� (�-
4�&�'� & '"��&-& (�')!��#� σ*

.  

   

�)'&$" +"%���)��* .!"'"��"3 %���)�7  �!�-

()'!�+ %&+��9��3 ')!(&$�6 �� & '"��� )#)()�'"
(&5�'7 /�'" +".&!"�'���  !"  !&).'�+����, +"-&-

'&+#)��� '� �(&+�3 &/�-�  !"#�$�+ % & '"��"("
)#)()�'�(" $#* +"(�!,+���* '� ') #&+&-& .&�'-

!&#, &/’0.'�+ !�%�&1 2�%"��&1  !"!&$" (�� !".#�$, 

#�%)!�"3 ') #&+�%�6�"3  !"4�#7�"3 .&( #).��+ %
& '"��"(" +3�$�"(" %�3"��"(" +�.��(", #�%)!�"3
')!� )+'"��"3 '� 3�!�!-���"3  !"#�$�+ % & '&+&-

#&.&��"(" �+�'#&+&$�(", �	- !"#�$�+ ��+)$)��*
'� � &�')!)5)��* % & '"��"(" &/'���".�(" '&8&).
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161 6

1,0

1,5

0,5

2,0

11 qn, 10
5 

�'/(2

    � �σ    , 
01 �/(8 2

max

2,5

21 26

3

1      

qn      

2      

*

   
161 6

1,5

2,0

1,0

2,5

11 qn, 10
5 

�'/(2

    � �σ    , 
01 �/(8 2

max

3,0

21 26

3

1      

qn      

4      

*

3,5

           �)                                                                                       /) 

�"�. 8. ��#)5���'7 (&$�#* (�.�"(�#7�"3 ')!(���"3 �� !�5)�7 |σ|max �  #&�.�6  #��'"�� % & '"��"3 .)!�(�.
��2 '� ��12 +�$ %&+��9�7&-& ') #&+&-&  &'&.� $#* !�%�"3 ����+ 6&-& $�1 (.0 = 300 �):  

1 – t = 14 c; 2 – t = 7 c; 3 – t = 0,5 c; 4 – t = 11 c; �)  #��'"�� (�#&1 '&+8"�" % & '"��&1 .)!�(�." ��2; /) 

 #��'"�� +)#".&1 '&+8"�" % & '"��&1 .)!�(�." ��12; ––––– – !)%�#7'�'" !&%!�3��.�+; – – –  – ()5� (�-
4�&�'� & '"��&-& (�')!��#� σ*

.  

5

1,3

1

1,6

8 t, c

1,9

2,2

11 14 17

2      
1      

qn, 10
6

�'/(2

*

*

2,5

�"�. 9. �%�0(&%+’*%&. .!"'"��"3 %���)�7 %&+��9-

�7&-& ') #&+&-&  &'&.� *
$q '� ���� 6&-& $�1 t

*

��  #&�.�  #��'"�� % & '"��"3 .)!�(�. ��2 

'� ��12 (.0 = 300 �): 1 –  #��'"�� +)#".&1 '&-

+8"�" % & '"��&1 .)!�(�." ��12; 2 –  #��'"-

�� (�#&1 '&+8"�" % & '"��&1 .)!�(�." ��2; 

@, A – ).� )!"()�'�#7�� $���. 

�&%!&/#)�� ()'&$" +"%���)��* .!"'"��"3
%���)�7  �!�()'!�+ %&+��9��3 ')!(&$�6 �� & '"���
)#)()�'" $&%+&#*'7  & )!)$5�'" (&5#"+� +�$(&+"
 !" 13 ).� #��'�4�1 % +!�3�+���*( + #"+� %&+��9-

��3 ')!(&$�6 �� 13 & '"��� )#)()�'" 9#*3&( +"-

%���)��* .!"'"��"3 %���)�7 13  �!�()'!�+, � '�.&5
 &.!�8�+�'" &��&+�� ')3��.&-).� #��'�4�6�� 3�!�-

.')!"�'"."  !"#�$�+ (��$�6���'7, �'!&. �#�5/"
'&8&). 

��������

1. �&%!&/#)�& �)#���6�� (�')(�'"��� (&$)#�
%&+��9��3 ')!(&$�6 �� & '"���  #��'"�" !�%�&1
'&+8"�", *.� +!�3&+�,'7 ')( )!�'�!�� %�#)5�&�'�
') #&2�%"��"3 +#��'"+&�')6 (�')!��#�+ (&/’0(�&1
') #&0(�&�'�, .&)2�4�0�'� ') #& !&+�$�&�'�) '�

$&%+&#*,'7 +"%����'" !&% &$�#" ')( )!�'�!" '�
')!(& !�5�"3 �� !�5)�7  & '&+8"��  #��'"�"
(+�$�&���  &3"/.� 7…9 %). 

2.� )!9) +�'��&+#)�& ���'� �"6 + #"+  �!�-

()'!�+ %&+��9��3 ')!(&$�6 (') #&+&-&  &'&.� qn '�
���� 6&-& $�1 t) �� +)#"�"�� (�.�"(�#7�"3 ')!(&-

 !�5�"3 �� !�5)�7 � !&%-#*$�+��"3  #��'"��3: 

%/�#79)��* qn +�$ 1,5<10
5 �'/(2 $& 2,3<10

6 �'/(2 '� t

+�$ 0,2 � $& 1,5 �  !"%+&$"'7 $& %!&�'���* (�.�"-

(�#7�"3 ')!(& !�5�"3 �� !�5)�7 � 1,8…4,3 !�%�
$#* & '"��&-& �.#� '� � 1,5…3,8 !�%� – $#* & '"�-

�"3 .)!�(�.. 

3.� )!9) +�'��&+#)�& .!"'"��� $�� �%&�"
%(��"  �!�()'!�+ %&+��9��3 ')!(&$�6 ( *

$q , t
*
), *.�

%�#)5�'7 +�$  !"!&$" & '"��"3 (�')!��#�+,  )!)-
+"8)��* *."3  !"%+&$"'7 $& !�6��+���* & '"��"3
 #��'"� '� +"3&$� % #�$�  !"#�$�+ �� 13 &��&+�.  

4.�".&!"�'���* �)#���6�"3 (�')(�'"��"3 (&-

$)#)6 %&+��9��3 ')!(&$�6 �� & '"��� )#)()�'", $&-

%+&#*0 2&!(�+�'" �)&/3�$�� $#*  !�.'"��&-& +".&-

!"�'���* /�%� $��"3  & .!"'"��"( $�� �%&��( %(�-
�"  �!�()'!�+ %&+��9��3 ')!(&$�6 �� & '"��� )#)-
()�'"  !"#�$�+ '� .)!&+��"3  �!�()'!�+ )#).'!&-

��&-&  !&()�,, 8&  &.!�8�,'7 +#��'"+&�'�  &+)!-

3�)+"3 9�!�+,  )!)+"8)��* *."3  !"%+&$"'7 $&
!�6��+���* )#)()�'�+ '� +"3&$� % #�$�  !"#�$�+. 

����������   

1.��8)�.& �. �. ) #&+B)  !&4)��B  !" C#).-

'!&��&6 &/!�/&'.) & '"�)�."3 (�')!"�#&+ "
C.� #��'�4"" "%$)#"6 �� "3 &��&+). �&�&-!�-
2"* / �. �. ��8)�.&, �. �. �&')#7�".&+, =. �. 

�)-�, �. �. �!���&+, �. �. �4)�.&, �. �. �"!"-

�)�.&. – �.: ���.&+� $�(.�, 2006. – 368 �. 
2.��8)�.& �. �. ���&+" )#).'!&��&1 &/!&/." +"-

!&/�+ % & '"��"3 (�')!��#�+. �&�&-!�2�*. / 
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DETERMINATION OF CRITICAL VALUES SETTINGS EXTERNAL THERMO-

INFLUENCES OPTICAL ELEMENTS FOR PRECISION ENGINEERING
The aim of this work is to develop nonlinear mathematical models of external thermo-influences on optical elements 

in the form of flat plates of varying thickness, taking into account temperature dependence of thermo-physical mate-

rial properties (volumetric heat capacity and thermal conductivity) and allows to find the critical values of their pa-

rameters. Developed a nonlinear mathematical model of external thermo-influences on plates of different thickness, 

allows to find the distribution of temperature and thermo-elastic stresses in their thickness. Defined critical parame-



ISSN 0201-744X, ISSN 0321-2211

������� �� 	
������ 	
������ ��
������� 	
������  �� ������

����� ���� “���”. ��
�� ���� !"#�!�� ��$. – 2016. – ��	. 51(1)                      81

ters external thermo-influences (heat flux, the time of their actions), the exceeding of which leads to the destruction 

of the optical elements (appearance of cracks, chips and other defects) and failure of devices based on them. 

Keywords: optical element, external thermal influences, electron beam. 
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