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Abstract
A mathematical method for nonlinear surrogate synthesis of frame surface eddy current probes providing
a uniform eddy current density distribution in the testing object area is proposed. A metamodel of a frame
movable eddy-current probe with a planar excitation system structure, used in the algorithm for surrogate
optimal synthesis was created. The examples of a nonlinear synthesis of excitation systems with the appli-
cation of the modern metaheuristic stochastic algorithms for finding the global extremum are considered.
The numerical findings of the problem analyses are presented. The efficiency of the synthesized excitation
structures was demonstrated on the basis of the eddy current density distribution graphs on the surface of
the control zone of the object in comparison with classical analogues.
Keywords: eddy current probe, uniform sensitivity, metamodel, additive neural network regression, surrogate
optimization, global extremum.
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1. Introduction

The use of eddy current testing means with excitation sources, providing an optimal electro-
magnetic field (EMF) to create a uniform sensitivity to the defect detection in the testing object
(TO) volume and to determine their geometric parameters in an automated mode contributes to
the successful solution of flaw measurement problems.

A number of authors have proposed the creation of a uniform, initially given tangential EMF of
excitation [1–6] in order to improve the selectivity and ensure the uniform sensitivity of surface
eddy current probes (SECPs). Excitation systems (ESs), generating uniform configurations of
EMFs in the testing zone are discussed in those works. As a rule, they refer to the excitation
of uniform eddy current density (ECD) distribution in a stationary TO. Only some works, for
example [7–9], deal with the homogeneous configuration of ECD on the TO surface merely for
the stationary SECPs. The review article [10] thoroughly analyses modern scientific research on
the creation of SECPs with various ESs, providing optimal excitation EMFs in the testing zone.
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Based on this analysis, it should be noted that a significant number of studies aimed only at
creating an EMF with predetermined properties for a stationary SECP, while a similar problem of
creating movable probes has not been studied. However, the widespread use of automated testing
processes with the application of the eddy current method requires considering the effect of speed
and changes in ECD distribution caused by the action of transfer currents. Therefore, the design
of a moving SECP with an ES which provides an initially given uniform distribution of ECD in
the TO, proves to be topical. The efforts of the authors are directed specifically at solving the
problem of creating movable SECP with different structures of the ES, ensuring a uniform ECD
distribution. Thus, the published work [11] presents the results of the first attempts at optimal
surrogate synthesis of a movable circular SECP. At the same time, it is necessary to study SECPs
with frame ES structures in the sense of considering the possibility of providing them with given
uniform ECD distribution in the testing zone.

The aim of the work is to create a method for nonlinear parametric surrogate synthesis of
a movable frame of a non-axial homogeneous SECP with a planar ES structure. These systems
provide uniform ECD distribution on the surface in the testing object area. A stochastic meta-
heuristic algorithm for finding the global optimum for an extreme problem is implemented via
the synthesis.

2. Formulation

2.1. Conceptual description of the optimal synthesis problem

Optimal ES synthesis procedures are applied to implement the initially given characteristics
at the ECP design stage. This problem belongs to nonlinear inverse problems of mathematical
modelling. As initial data for solving a nonlinear inverse problem, a given characteristic is used,
providing a uniform distribution of the ECD Jreference in the testing zone. A U-shaped form of
the characteristic is applicable for the flaw problems when the ECD distribution is localized
and maximally concentrated in the testing zone and outside it has a value close to zero. The
synthesis problem task is formulated in the optimization formulation as a problem of quadratic
functionalminimizing. Taking into account certain peculiarities that are inherent in such a problem
formulation in nonlinear mathematical programming, optimization methods have been chosen
i.e.,modern metaheuristic stochastic optimization algorithms, both evolutionary and behavioural,
are applied [12].

2.2. “Exact” model of the direct electrodynamic problem

First, let us address the direct electrodynamics problem solution for an EMF excitation source
in the form of an infinitely thin rectangular loop, movable relative to the TO. A mathematical
model of the interaction of such a field source with the TO is obtained by solving a boundary
value problem in partial derivatives under the condition of tangential components continuity of the
magnetic field strength and normal components of magnetic induction at the interfaces [13, 14].
The following assumptions were accepted – the TO medium was considered linear, isotropic and
homogeneous. The investigatedTO is of infinite sizewith thickness d with constant electrophysical
parameters, namely, specific electrical conductivity σ and relative magnetic permeability µr .
Above the TO at a height z0, there is an EMF source in the form of a coil with alternating current
with intensity I and frequency ω, of a rectangular shape with dimensions a × b. The EMF source
moves in reference to the TO at a constant speed ~υ =

(
υx, υy, 0

)
.
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As a result of solving Maxwell’s differential equations, the analytical dependences of the dis-
tribution of the complex magnetic induction components along the spatial coordinates Bx, By, Bz

were obtained [13, 14]. Taking into account the previously introduced conventions:

k (d, µr, µ0, σ, υx, υy, ω) =
1(

1 − e2·γ ·d) , (1)

s
(
d, z, µr, µ0, σ, υx, υy, ω

)
=

{
− (1 + λ0) · e2·γ ·d + ν0 · e

(
γ−
√
ξ2+η2

)
·d
}
· eγ ·z, (2)

c
(
d, z, µr, µ0, σ, υx, υy, ω

)
=

{
1 + λ0 − ν0 · e

(
γ−
√
ξ2+η2

)
·d
}
· e−γ ·z, (3)

the mathematical model for determining the ECD distribution components has the form:

Jx =
1

µ0 · µr
·



∂

∂y

*..........
,

j ·
µ0 · µr · I

8 · π2 ·

∞∫
−∞

∞∫
−∞

(
ξ2 + η2

)
· k (d, µr, µ0, σ, υx, υy, ω)

η · γ
×

×
[
s(d, z, µr, µ0, σ, υx, υy, ω) − c(d, z, µr, µ0, σ, υx, υy, ω)

]
×

× e−z0 ·
√
ξ2+η2

· S (ξ, η) · e−j(x ·ξ+y ·η)dξdη

+//////////
-

−

−
∂

∂z

*..........
,

µ0 · µr · I
8 · π2 ·

∞∫
−∞

∞∫
−∞

k (d, µr, µ0, σ, υx, υy, ω)×

×
[
s(d, z, µr, µ0, σ, υx, υy, ω) + c(d, z, µr, µ0, σ, υx, υy, ω)

]
×

× e−z0 ·
√
ξ2+η2

· S (ξ, η) · e−j(x ·ξ+y ·η)dξdη

+//////////
-



, (4)

Jy =
1

µ0 · µr
·



∂

∂z

*..........
,

µ0 · µr · I
8 · π2 ·

∞∫
−∞

∞∫
−∞

ξ · k (d, µr, µ0, σ, υx, υy, ω)
η

×

×
[
s(d, z, µr, µ0, σ, υx, υy, ω) + c(d, z, µr, µ0, σ, υx, υy, ω)

]
×

× e−z0 ·
√
ξ2+η2

· S (ξ, η) · e−j(x ·ξ+y ·η)dξdη

+//////////
-

−

−
∂

∂x

*..........
,

j · µ0 ·µr ·I
8·π2 ·

∞∫
−∞

∞∫
−∞

(
ξ2 + η2

)
· k (d, µr, µ0, σ, υx, υy, ω)

η · γ
×

×
[
s(d, z, µr, µ0, σ, υx, υy, ω) − c(d, z, µr, µ0, σ, υx, υy, ω)

]
×

× e−z0 ·
√
ξ2+η2

· S (ξ, η) · e−j(x ·ξ+y ·η)dξdη

+//////////
-



, (5)

where µ0 = 4 · π · 10−7 H/m (i.e. the magnetic constant in vacuum); j =
√
−1; S(ξ, η) – function

of a rectangular coil shape S (ξ, η) = − j ·
4
ξ
· sin (a · ξ) · sin (b · η); ξ, η – variables of integration;

γ =

√
ξ2 + η2 − j · σ · µ0 · µr ·

(
υx · ξ + υy · η

)
+ j · ω · σ · µ0 · µr , (6)
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λ0 =

{
γ2 − µ2

r ·
(
ξ2 + η2

)}
·
(
1 − e−2·γ ·d

)
(
γ + µr ·

√
ξ2 + η2

)2
−

(
γ − µr ·

√
ξ2 + η2

)2
· e−2·γ ·d

, (7)

ν0 =
4 · µr · γ ·

√
ξ2 + η2 · e

(√
ξ2+η2−γ

)
·d(

γ + µr ·
√
ξ2 + η2

)2
−

(
γ − µr ·

√
ξ2 + η2

)2
· e−2·γ ·d

. (8)

Let us consider an SECP with a rectangular planar ES structure which is a set of M (i =
1, . . . , M) sectional coils, each of which contains wi turns. Their connection scheme is opposite
or matched “across the field”. Such a rectangular planar ES structure is characterized by linear
average dimensions of sides of each coil ami × bmi and a rectangular section qi × τi , whose
dimensions are individual for each coil (Fig. 1). The location of all coils above the TO is
determined by the average height zm, i.e. the ES appears to be planar. At the same time excitation
coils can be placed in space either uniformly or unevenly (Fig. 1).

a) b)

Fig. 1. Planar excitation system of a frame SECP: a) general view; b) section A–A.

An analytical mathematical model of a rectangular coil ES SECP is obtained on the basis
of the mathematical model of a thin rectangular loop (4), (5), by additional integration over the
cross-sectional area at a constant current density in it. In particular, in expressions (4) and (5),
the component S(ξ, η) · e−z0 ·

√
ξ2+η2 is replaced by the relations obtained by integrating over the

cross-sectional area [14]:

w

q · τ
·



q/2∫
−q/2

sin ((am + p) · ξ) · sin ((bm + p) · η) d p


·



zm+τ/2∫
zm−τ/2

e−g ·
√
ξ2+η2 dg


=

=
w

q · τ
· Is

(
am, bm, q

)
· IE (zm, τ) , (9)

where q = b2 − b1; τ = z2 − z1; zm = (z1 + z2)/2; bm = (b1 + b2)/2; zm = (z1 + z2)/2 the average
value of the dimensions and height of the coil are above the TO, respectively; p, g – variables of
integration.
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The analytical expression for the component IE (zm, τ) is as follows:

IE (zm, τ) =

zm+τ/2∫
zm−τ/2

e−g ·
√
ξ2+η2 dg =

ezm ·
√
ξ2+η2√

ξ2 + η2
·

(
e
−

(
τ
2 ·
√
ξ2+η2

)
− e

(
τ
2 ·
√
ξ2+η2

) )
. (10)

The final mathematical model of the ES SECP coil which determines the distribution of ECD
on the surface of the TO, taking into account the above relations, has the following form:

Jx =
1

µ0 · µr
·
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. (12)

The mathematical model of a real ES for calculating the ECD distribution is very compli-
cated since it contains both improper multiple integrals of the first kind and integration over
the cross-sectional area of the coils. The computational time resource intensity of the model
is quite large. It is clear that the use of a complex and resource-intensive mathematical model
for optimal synthesis significantly complicates the solution. The use of surrogate optimization
technology provides for the replacing the resource-intensive electrodynamic model with its ap-
proximated analogue – a metamodel. This, in turn, allows to avoid cumbersome calculations
and is widely used by scientists in various fields of research [15–18]. The authors have suc-
cessfully used this approach in optimal synthesis of circular a non-axial SECP with planar and
volumetric ES structures which is discussed in [19–21]. A detailed algorithm for performing
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surrogate SECP optimization, consisting in the step-by-step execution of a number of tasks us-
ing modern achievements of artificial intelligence technologies and the theory of experiment
planning for both simple and more complex cases of approximation of response hypersurfaces,
is described in [19–21]. Therefore, in this case, before addressing the problem of optimal syn-
thesis, it is necessary first to design a movable SECP metamodel with a rectangular planar ES
structure.

2.3. Computer design of the experiment. Metamodel design

The functional approximation dependence of ECD distribution for a movable SECP is multi-
dimensional Ĵ = f (x, y, a, b) and depends on several parameters, namely, the spatial coordinates
x and y on the TO surface in the testing zone and the geometric dimensions a and b of the
ES coil sections. For the design of a multivariate approximation model, RBF-neural networks,
that is, neural networks (NN) based on radial-basis functions, have proven themselves well due
to their universal approximation properties. As shown in [11, 19–21], on their basis and us-
ing a hybrid approach with various methods of increasing the accuracy, it is possible to obtain
metamodels with acceptable approximation error. Therefore, the authors opted for them with
the simultaneous implementation of the decomposition of the search area into several subdo-
mains, with the application of the additive NN-regression and network committees at each of its
levels.

To design a multidimensional metamodel, an array of the training sample was created by
calculating the ECD distribution with functional dependencies (11), (12) in the general case.
Computer methods to uniformly fill the search hyperspace with reference points, that is the
optimal designs of computational experiments (DOEs) [22], were used to form such an array.
The use of DOEs with topology uncertainty of the hypersurface increases the probability of
the reference points falling into the areas of extremes and kinds. [23] shows that the best char-
acteristics of the homogeneity of a multidimensional DOE can be achieved on the basis of
quasi-random parameterless additive recursive R-sequences and combinations of Sobol’s LPτ-
sequences.

Let us give a model example of creating a metamodel of a frame movable SECP with a planar
ES structure with the following initial dates: d = 10 mm, z0 = 3 mm, I = 1 A, f = 1 kHz,
σ = 3.745107 S/m, µr = 1, ~υ = (40, 0, 0) m/s. The parameters of the varying model were set
in the range: x = −35, . . . , 35 mm; y = 0, . . . , 25 mm. Square ES turns a = 3, . . . , 15 mm are
considered.

To design amultidimensionalmetamodel, the search space is decomposed into six subdomains
along the linear dimensions of the square loop. A data array with the number of points Ntraining
to train additive NN-regression was formed for each of the obtained subdomains using DOE
based via R3-sequences. At the same time, for each subdomain, the number of DOE points is
set individually. The formation of subsamples for training, testing and reconstruction control is
carried out via the bagging procedure.

To obtain the acceptable accuracy at the training stage, additive NN-regression is applied.
The number of its intermediate levels is determined by the value of the relative average error
of the MAPE approximation, not exceeding 15%. At each intermediate level of NN-regression,
network committees are used, the productivity of which is more than 90%, and decision-making
is applied by averaging over the ensemble. Due to this hybrid design of additive NN-regression,
it was possible to obtain theMAPE value for the complex topology of the ECD distribution at the
level from 7.38% to 14.91% at the stage of training.
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As an example, Table 1 provides information on the design of a metamodel for one subdomain
7 ≤ a ≤ 9 mm. First, four intermediate levels of Ĵ1 − Ĵ4 additive NN-regression are shown. For
each of them, a set of NN is given, selected for the formation of the committee. Second, the
same table for each intermediate level of additive NN-regression presents the obtained numerical
value of MAPE, the mean square of the residual MSR and the standard error of assessing the
adequacy of SR. In addition to the statistical indicators shown in Table 1, the metamodels created
are assessed according to a number of other qualitative and quantitative indicators [24].

Table 1. Information on metamodel creation of a square movable SECP with a planar ES structure for a slices of
7 ≤ a ≤ 9 mm (Ntraining = 2076) at the stages of TS training and RS reconstitution of the response surface.

ANN –
regression

level
Neural networks

constituting committees
MAPE, % MSR SR
TS RS TS RS TS RS

RBF-3-330-1(32)

RBF-3-297-1(83)

Ĵ1 RBF-3-245-1(386) 11.53 12.14 0.00299 0.00285 0.0547 0.053

RBF-3-306-1(200)

RBF-3-283-1(291)

RBF-3-200-1(6)

RBF-3-240-1(57)

Ĵ2 RBF-3-302-1(129) 9.02 9.42 0.00224 0.00228 0.0473 0.0478

RBF-3-304-1(142)

RBF-3-304-1(144)

RBF-3-300-1(116)

RBF-3-297-1(96)

Ĵ3 RBF-3-274-1(69) 7.96 8.54 0.00187 0.00203 0.0432 0.045

RBF-3-281-1(74)

RBF-3-300-1(113)

RBF-3-195-1(2)

Ĵ4 RBF-3-273-1(11) 7.38 7.97 0.00174 0.00193 0.0416 0.0439

RBF-3-297-1(36)

3. Verification of the created metamodel

The following obligatory step is to check the resulting metamodel. The response hypersurface
was reproduced in all subregions at a number of points Nreconstitution = 4090 for this kind of the
examination. And the aggregate of statistical indicators assessed its adequacy and information
content [24]. Some of these indicators are shown in Table 1. For other subregions, the MAPE
error at the stage of reproduction ranged from 7.97% to 14.24%. The reproduction of the response
surface using the obtained metamodel is performed over the entire range of variation of the
variables at a much larger number of points than at the training stage (Nreconstitution > Ntraining).
The results of reconstitution in the form of level lines for some surface slices are shown in Fig. 2.
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Fig. 2. Reconstitution of the response surface (7 ≤ a ≤ 9 mm) using the metamodel for a moving square SECP with
a planar ES structure: a) level lines for slicing surface 7 ≤ a ≤ 8 mm; b) level lines for slicing surface 8 ≤ a ≤ 9 mm.

Also, for a qualitative assessment of the reconstitution of the response hypersurface and better
visual perception of the simulation results, graphic material is presented in the form of scatter
diagrams (Fig. 3) and histograms of the distribution of MAPE relative errors (Fig. 4).

a) b)

Fig. 3. Scatter diagrams of the values of the multidimensional metamodel for the subdomain 7 ≤ a ≤ 9 mm at the stage
of reconstitution: a) slice 7 ≤ a ≤ 8 mm; b) slice 7 ≤ a ≤ 9 mm.

At the same time, the quality of the obtained metamodel is additionally checked by recon-
struction of the response hypersurface according to the formula describing the output of the
additive NN-regression dependence based on RBF-neural networks. So in Fig. 5, for example,
reconstitutions of the response hypersurface are shown for slices a = 8.5 mm, a = 10.5 mm,
a = 14.5 mm at a height above the TO z0 = 3 mm.
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a) b)

Fig. 4. Histograms of distribution of the relative model error of approximation of the response hypersurface: a) slice
7 ≤ a ≤ 8 mm; b) slice 7 ≤ a ≤ 9 mm.

a) b) c)

Fig. 5. Reconstruction of the response surface using an approximation model for a movable square SECP with a planar
ES structure at a height of z0 = 3 mm: a) level lines for surface slice a = 8.5 mm; b) level lines for surface slice

a = 10.5 mm; c) level lines for the surface slice a = 14.5 mm.

4. Optimal ES synthesis

Using the created additive NN-metamodel, we present a solution to the problem of optimal
synthesis nonlinear a surrogate of an SECP with the uniform sensitivity in the testing zone. We
will use stochastic optimization methods, which have given a good account of themselves when
searching for global extrema [12, 25]. It should be noted that of all the applied evolutionary
and behavioural algorithms, the best results are obtained using hybrid algorithms, namely, these
created on the basis of a genetic algorithm with a local search with the Nelder-Mead simplex
method and a population metaheuristic optimization algorithm by a swarm of particles with
evolutionary formation of the swarm composition. The latter is a low-level hybridization of the
genetic algorithm and the PSO algorithm [12].

Variants of ES structures with different numbers of square sectional turns M = 3–5 were
specified for the numerical modelling. As a result of solving the nonlinear inverse problem, the
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magnetomotive forces Iwi and the geometric dimensions of sectional turns ai are determined.
The obtained numerical results are presented in Table 2. Together, these parameters ensure the
approximation of the created ECDdistribution (Fig. 6d, e, f graph 2) to the initially givenU-shaped
(Fig. 6d, e, f graph 1) on the surface of the TO in the testing zone.

a) d)

b) e)

c) f)

Fig. 6. Results of the synthesis of movable SECP with a square planar ES, calculated in accordance with the “exact”
electrodynamic model: (a), (b), (c) lines of the ECD distribution level; (d), (e), (f) the ECD distribution along the Ox axis.
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Table 2. The results of nonlinear surrogate synthesis of a square movable SECP with the variants of the ES structure.

Synthesized
excitation
systems

M = 3 M = 4 M = 5

No. a, mm Iw, A × turns a, mm Iw, A × turns a, mm Iw, A × turns

1 6.39 –0.837 6.37 –0.649 6.64 –1.495

2 9.5 1.1 8.183 0.398 7.98 1.246

3 13.5 1.15 10.23 0.9324 10.96 0.613

4 – – 13.49 0.92 11.15 0.205

5 – – – – 14.26 0.82

The numerical synthesis results with the initially given U-shaped ECD distribution in the
testing zone 7 ≤ x, y ≤ 17 mm for three variants of SECPs with planar ES structures and the
number of sectional turns M = 3, 4, 5 are shown in Fig. 6. Table 2 schematically presents the
designs of the synthesized ES probes. ECD distributions J (A/m2) are given in the form of level
lines which are created by synthesized ES (Fig. 6a, b, c) and calculated in accordance with the
“exact” electrodynamic model.

To visually compare the synthesized and initially given ECD distributions, graphs of their
changes along the Ox axis where presented. Also, the same figures showed the ECD distribution
created with a single square turn measuring 15 × 15 mm (Fig. 6d, e, f, graph 3). Therefore, for
the synthesized ES structures, a comparative analysis of the ECD distributions obtained showed
almost the same excess of the EC intensity level for all variants, which differ in the fulfilment
of the uniformity conditions. One should consider the excess of the EC intensity level over the
given one to be very promising as it potentially offers better conditions for detecting defects. The
best result in terms of homogeneity are given by an ES with four sectional turns. It should be
also noted that the simpler and more complex than the given structure of the ES did not allow for
achieving a better result. All the variants of the structures under consideration showed the best
results in terms of homogeneity of ECD distribution in comparison with the classical SECP with
an ES when they were in the form of a single square turn.

5. Conclusions

The authors have proposed a novel method of surrogate nonlinear parametric synthesis of
a movable SECP with a rectangular planar ES structure. The synthesis provides a close to uniform
ECD distribution on the surface in the testing object zone and allows for the same sensitivity to
defects. To implement the method, algorithms and software have been developed for calculating
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the direct problem using an “exact” electrodynamic model and implementing a multidimensional
effective DOE based on R-sequences with low rates of centered and wrap-around discrepancies.
A technique for improving the approximation capabilities of NN-regression models has been de-
veloped which enables simultaneous use of additive NN-regression technologies with associative
machine techniques and search area decomposition. Due to complexity of structural features of
additive NN-regression, i.e. the use of NN committees at each intermediate level of approxi-
mation, it became possible to achieve an acceptable MAPE error of the multidimensional SECP
metamodel. This contributed to the successful solution of the formulated synthesis problem.
Algorithms for conditional surrogate SECP optimization have been developed on the basis of
modern population metaheuristic stochastic hybrid algorithms for finding global extrema. Nu-
merous experiments have illustrated the efficiency of solving the problem of nonlinear surrogate
synthesis of a square movable SECP with a planar ES structure. Its advantage over the classical
analogue has been proved.
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