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METHOD FOR MINIMIZATION OF BOOLEAN FUNCTIONS WITH A LARGE NUMBER
OF VARIABLES BASED ON DIRECTED ENUMERATION

The development of computer technology directly depends on the development of methods for
synthesizing components of digital computer technology, therefore the automation of the process is
observed in the development of microcircuits. Boolean algebra is widely used for the synthesis of cir-
cuit models, and one of the problems in this case is the dependence of the complexity of implementing
a given circuit on the number of variables of the Boolean function that implements it. Based on this, it
can be argued that the increase in the number of variables in the functions that require minimization
requires the search for new or improvement of existing methods of minimization of Boolean functions,
which will be easy to use, descriptive and have the ability to automate the implementation of the mini-
mization process.

The task of developing effective methods of minimization of Boolean functions for simulation of
circuits with linear and polynomial dependence of simulation speed on the number of variables of the
implemented Boolean function remains relevant.

The object of research is the process of minimization of Boolean functions, which are used in
the construction of circuits of digital automata.

The purpose of this work is practical implementation of the method of minimization of Boolean
functions based on directed enumeration when increasing the number of variables.

The objective considered in this work is to develop and implement the method of minimization
of Boolean functions, which will help to minimize Boolean functions based on directed enumeration,
the bitness of which exceeds ten variables, as well as to increase the efficiency of search when bond-
ing implicants with a large uncertainty in the sets of functions. Since all existing methods of minimi-
zation face the problem of cumbersome calculations when the number of variables increases, the
method of directed enumeration, which is quite effective in the case of large uncertainty in the sets,
has been chosen for the study. Based on the calculations, it has been determined that this method of
minimization of Boolean functions is efficient and easy to use. Its main advantage is the possibility
of implementation by means of computer technology, and directed enumeration as the basis can
reduce the requirements for hardware and software resources of automated design systems.

Keywords: method of minimization, Boolean functions, set of function values, directed enu-
meration.

Introduction. The use of algorithms that [1]. The rapid development of computer technol-
operate on Boolean structures is typical for solv- ogy has led to the fact that most calculations re-
ing many applied problems, for example, the lated to various spheres of human activities are
study of the operation of circuits consisting of  carried out automatically with the help of modern
functional elements that can be used to describe  computers. Since the development of computer
the mathematical model of the operation of any technology directly depends on the development
computer, minimization of disjunctive normal of methods for synthesizing components of digi-
forms, the problem about the feasibility of the tal computer technology, the automation of the
Boolean function, the problem about the absence  process is also observed in the development of
of tautologies, the problem about the complete- microcircuits. The main work in the development
ness of the set of connections and many others and debugging is allocated to work with the cir-

© A. A. Sysoienko, S. V. Sysoienko, 2023
DOI: 10.24025/2306-4412.1.2023.274914

42


mailto:Ampere859@gmail.com
mailto:s.sysoienko@chdtu.edu.ua

BicHuk YepkacbKkoro gep>xaBHOro TeXHONOriYHOro yHiBepcuteTy

1/2023

cuit model, and only after that physical synthesis
takes place. Boolean algebra is used for the syn-
thesis of circuit models, that is, circuits are de-
scribed using analytical expressions of logical
functions. One of the problems that arise during
the synthesis of circuits is the dependence of the
volume (complexity of implementation) of the
circuit on the number of variables of the Boolean
function that implements it.

One logical function can be described by a
set of equivalent representations in the form of
logical formulas. It is known that any logical
formula can be transformed into a disjunctive
normal form (DNF). For this, for example, one
needs to use the law of double negation, de Mor-
gan's law, and the law of distributivity.

The disadvantage of the methods for ob-
taining the functions of a perfect DNF (or a
perfect KNF) can be considered that when en-
suring, in general, the correct functioning of the
devices, the resulting circuits are often unrea-
sonably complex. They require a large number
of logical elements and have low efficiency. It is
clear that the simpler is the analytical expression
of the function, the more economical and sim-
pler is its practical implementation on integrated
microcircuits. That is why, when describing, it
is necessary to obtain such a version of the for-
mula, so that the logical function has the sim-
plest representation of the logical function. Af-
ter all, the compactness of the circuit directly
depends on the simplicity of the formula of the
logical function, and only in this case it is pos-
sible to obtain it with the best indicators of im-
plementation complexity. In most cases, it is
possible to simplify the logical expression with-
out changing the function. The methods for
simplifying a function are called the methods of
minimizing functions.

Minimization means the transition from a
perfect DNF to a DNF with a minimum of com-
ponents, while the number of multipliers in each
component should also be minimal, that is, it’s
necessary to reduce the number of variables and
operations in the DDNF as much as possible.

There are quite a lot of minimization
methods today, both analytical and graphical
ones: the method of direct transformations of
logical functions, the method of undefined coef-
ficients, the Quine method, the Quine-McCluskey
method, the graphical method, Karnaugh maps,
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Veitch maps [2]. All of them have advantages
and disadvantages, especially depending on the
possibility of automating the process of their
implementation and the number of variables in
the functions to be minimized. At the same time,
none of them is universal.

Therefore, the problem of minimization of
the Boolean function is the most important stage
of the logical synthesis of discrete devices. In the
general formulation, the problem of minimization
of Boolean functions has not yet been solved, but
it is quite well researched in the class of disjunc-
tive-conjunctive normal forms.

Based on this, it can be argued that the in-
crease in the number of variables in the functions
that require minimization requires the search for
new or improvement of existing methods of min-
imization of Boolean functions, which will be
easy to use, descriptive and have the ability to
automate the implementation of the minimization
process.

Analysis of recent research sources.
Quite a lot of modern research is devoted to the
search for new and improvement of existing
methods of minimization of Boolean functions,
because this problem is relevant even today when
synthesizing the models of digital devices to
achieve the minimum complexity of their con-
struction. In particular, one of the ways to im-
plement new effective methods of minimization
of Boolean functions is their representation in
new forms. For example, in [3, 4] it is proposed
to implement logical functions in an orthogonal
form, which is considered as a promising direc-
tion for the development of Boolean algebra, and
in [5, 6] the possibility of applying integer math-
ematical programming to minimization of Boole-
an functions is considered. When considering
Boolean functions, typical of circuits that imple-
ment arithmetic operations, the gain is even
greater. In addition, AND/EXOR circuits are
easier to diagnose [7, 8]. The proposed method of
minimization of 5-bit Boolean functions has a
number of features for solving the problem of
minimization of the logical function [8].

In [10], a description of a new method for
minimizing Boolean functions in an orthogonal
form of representation and obtaining a minimal
DNF by step-by-step parallel decomposition of
Boolean functions into an orthogonal form of
representation is given during the allocation of



ISSN 2306-4412 (Print), ISSN 2306-4455 (CD-ROM), ISSN 2708-6070 (Online)

argument numbers to the basic and informational
parts, respectively. It is shown that the proposed
method of minimization of Boolean functions in
an orthogonal form isn’t inferior to the generally
accepted methods of minimization by the imple-
mentation complexity factor and has the ad-
vantage that there is no need to perform addition-
al minimization of intermediate results.

In addition, methods such as minimization
by parts [11] and parallelization [12, 13] are
widely used for minimization of Boolean func-
tions, especially with a large number of variables.

To date, all possibilities for increasing the
stability of cryptographic systems based on the
use of logical operations (Boolean functions) of
cryptographic transformation have not been ex-
hausted. Cryptotransformation operations built
on the basis of logical functions deserve special
attention [14-15].

Although powerful studies have been con-
ducted and promising results have been obtained
regarding the methods of implementation of
Boolean functions, the task of developing effec-
tive methods of minimizing Boolean functions
for simulation of circuits with linear and poly-
nomial dependence of simulation speed on the
number of variables of the implemented Boolean
function remains relevant.

The purpose and objectives of the re-
search. The purpose of this work is practical
implementation of the method of minimization of
Boolean functions based on directed enumeration
when increasing the number of variables.

Presenting main material. The method of
minimization of functions based on directed
enumeration is carried out as follows:

1. The truth table is sorted in ascending
order by the values at which the function takes
values of zeros and then ones. Thus, the table is
divided into two subgroups.

2. The bitness of the truth table is deter-
mined and the number of contours of one varia-
ble is formed.

3. The presence of combinations of 0 and
1 in the formed contours of the 1st variable is
checked.

4. There are three possible cases of distri-
bution of 0 and 1 in the contour:

o the contour contains both zeros and

ones;
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« there are ones in the contour, but no zeros;

o there are zeros in the contour, but no
ones.

5. The contour in which there are no zeros
is written into the minimization formula and ones
included in it are removed from the list (from the
table). Variables and contours are deleted.

6. Recalculation of values in contours
with one variable is performed again. If there are
ones in the contour, but no zeros, then the search
is repeated. If any other option occurs, then it is
checked whether there are zeros in the contour,
but there are no ones. If there are zeros and no
ones, then contours that do not have ones are
removed from the list.

7. The next step is to construct contours
based on two variables.

8. Contours are built with a bitness equal
to the number of variables. Recalculation takes
place according to the algorithm described above.

The specificity of this method is that its
greatest efficiency is achieved with a large num-
ber of undefined values on certain sets of the
function.

Example 1. Let’s consider the case of
minimization of a f; Boolean function in four

variables with a given option of values (Table 1).

Table 1. Sorted truth table of the f;
function

No. | X2 | X2 | X3 | X4 fy
0 0 0 1 0 0
1 0 0 1 1 0
2 0 1 1 0 0
3 1 1 1 0 0
4 0 0 0 0 1
5 0 0 0 1 1
6 0 1 0 1 1
7 1 0 0 1 1
8 1 0 1 0 1
9 1 1 0 0 1

10 1 1 0 1 1
11 1 1 1 1 1

First, let's sort this truth table by the value
of the f; function in the sets. Next, let’s count

the number of corresponding contours and enter
the obtained values in Table 2.
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Table 2. One-variable contours for the f;
function

0 1 1
1 1 5 2
X1
2
3, 3 3 0
3 2 4 1
X2
4
5, 2 4 1
‘o S 4 2 2
6 0 n
ol < 6D 0
7
9 3 5 1
8
% 1 3 1

As a result, we have that the number of ze-
ros in the x5 contour is zero, and the number of
ones is the maximum. Therefore, the resulting
contour is removed from further calculations and
is written into the minimal disjunctive normal
form (MDNF) of the function.

Let’s delete in Table 2 the lines on which
the value of the sets coincides with the value of
the minimized contour for one x5variable (Ta-

ble 3).

Table 3. Deletion of rows in the truth ta-
ble of the f; function

No. | X1 | Xa | X3 | Xg | fy
0 0 0 1 0 0
1 0 0 1 1 0
2 0 1 1 0 0
3 1 1 1 0 0
4 0 0 O 0 1
5 V) V) © T 1
6 6 1 6 1 1
7 T 6 v T 1
8 1 0 1 0 1
9 1 1 0 0 1
10 |& 1 0 1 1
11 |1 1 1 1 1

After deletion of lines and recalculating
the contours (Table 3), in which the f; function
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takes the value of one, we remove x; from fur-
ther use, since there are no more ones left in it.

Let’s form two-variable contours for the
f, function (Table 4).

Table 4. Two-variable contours for
the f; function

X1X2

X1 Xo

X1X3

X1Xg

Xli4

X2 X3

XoXg

X2¥4
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[ER
w

X3i4

Thus, after minimization and recalcula-
tion of values, we have that MDNF functions
f1 =X3 Vv X1Xo v X1X4 OF T =X3 VXXV XpXy.

Since the method of minimization of
Boolean functions by directed enumeration al-
lows to minimize functions with an arbitrary
number of variables, let’s consider an example
of minimization of six-variable Boolean func-
tion (Table 5).

Table 5. Six-variable truth table for
the f, function

No. | x¢ | xo | X3 | Xa | X5 | 6 | T2
0 0 0 0 0 1 0 0
1 0 0 0 0 1 1 0
2 0 0 0 1 0 1 0
3 0 0 0 1 1 0 0
) 0 0 0 0 0 1 1
5 0 0 1 0 0 1 1
6 0 0 1 0 1 0 1
7 0 0 1 1 0 1 1
8 0 0 1 1 1 0 1
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Example 2. Using the values of Table 5, Table 6. One-variable contours for
let’s form the contours for the one-variable f, the f, function

function (Table 6) and calculate the correspond- 0 1 1
ence between the values of the truth table and 1 X1 0 0 0
one-variable contours for the sets in which the f, 2 x 4 5 1
function takes a zero value and sets in which the 3 x 0 0 0
function takes a one value. a Z 4 5 1
As a result of the calculations, we have 2
that x, and x, contours count zero values in the S X3 0 4 0_»p
truth table, therefore they are removed from fur- 6 X3 4 1 1
ther consideration and do not participate in the T % 2 2 0
formation of two-variable contours, and the xj 8 X4 2 3 1
contour is included in the MDNF f, function, 9 X5 3 2 0
therefore it also does not participate in the for- 10 Xs | 1 3 1
mation of two-variable contours. 11 Xg | 2 3 1
The lines covered by the contour are also 12 % | 2 5 0
deleted from the truth table (Table 7).
Table 7. Deletion of rows from the truth table of the f, function
No. X1 X2 X3 X4 X5 X6 fy
0 0 0 Q 0 1 0 0
1 0 0 0 0 1 1 0
2 0 0 d 1 0 1 0
3 0 0 d 1 1 0 0
4 0 0 d 0 0 1 1
5 8 8 4 8 8 1 1
6 0 0 1 0 1 0 1
7 8 8 4 1 8 1 1
8 0 8 4 1 1 8 1
After deletion of rows and columns in the Table 9. Two-variable contours for
truth table, we recalculate the contours where the  the f, function
function has a one value (Table 8). 0 11 11
Table 8. Truth table of the f, function 1 % |4 |1 0
after deletion 2 XX |2 |1 |0
No. | xt | X2 | xa | x5 | x | f2 3 XXs |1 |1 |0
0O0J]oO]j]O0O]0]1]0]O 4 XX |2 |1 |0
1 ]0]0j0]212]1]0O0 p—
21]ojo0oj1]J0}|J1]0O0 > X |2 |1 |0
3lofol1]1]ofo 6 XX |1 |1 |0
4 10(0|0]JO0]1]1 7 X, [2 |1 |0
It is obvious that x,, xs and %; contours 8 _X4X5 0 |1 |0
do not participate in the formation of two- 9 X |1 |1 |0
variable contours, so we form two-variable con- 10 Xx |1 |1 |0

tours from such one-vatiable ones: %, X,, X3,
)_(4, )_(5, X6 (Table 9)
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Research results. The obtained method
provides a positive effect due to the processing of
the amount of information greater than the length
of the key sequence.

The number of transformation functions in
the sets is selected taking into account the bitness
of command codes and the bitness of the infor-
mation being converted. At the same time, the
sequence of functions in the sets and their num-
ber can additionally provide an increase in the
confidentiality of the information transcoding
process and guarantee the implementation of
requirements for high-speed access.

To quantitatively assess the efficiency of
access to information based on the implementa-
tion of the developed method, it is proposed to
measure the time of cryptographic transcoding in
the number of operations of cryptographic addi-
tion. A standard cryptosystem provides trans-
coding during the time of key formation and the
time of one cryptographic addition operation. The
device provides transcoding in four cryptographic
addition operations and the time of key formation.

Calculations of cryptographic transcoding
time under the condition of using a four-bit de-
vice are presented in Table 10.

Table 10. Calculations of cryptographic transformation time

Time Cryptographic transcoding time
of key sequence (in the number of cryptographic addition operations)
acquisition standard proposed standard proposed standard proposed
2 6 8 12 8 24 12
4 10 12 20 12 40 16
6 14 16 28 16 56 20
8 18 20 36 20 72 24
10 22 24 44 24 88 28
12 26 28 52 28 104 32
2 bits 4 bits 8 bits
Increase of the amount of information

Since a four-bit cryptographic transfor-
mation device is used, we can simultaneously
process 2-4 bits of information. When processing
6-8 bits of information, the device will process it
in two cycles of operation, 12-16 bits of infor-
mation — in three cycles of operation, etc.

The results of evaluating the efficiency of
cryptographic transformation of information
when implementing the developed method under

1,6 -
1,4

S
/
/

—_
1

T — —
—_———

the condition of using a four-bit information
transcoding device are shown in Figure 1.
In Figure 1, we have the following desig-

nations:

* OR — standard coding system;

¢ 1R — system with 2-bit data transformation;

* 2R — system with 4-bit data transformation;

* 4R — system with 8-bit data transformation.

——-1R
— — 2R

of cryptographic

Relative estimate
transformation time

o o o o
o™ d o
|
/

2 4 6 8

12 14 16 18 20

Time of access to remote information
(in the number of addition operations by modulo two )

Figure 1. Dependence of the relative estimate of cryptographic transcoding time on the time of access
to protected remote information
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From the graph shown in Figure 1, it can
be seen that the relative estimate of cryptographic
transcoding time depends on the amount of pro-
cessed information and the time of obtaining the
key sequence.

Taking into account the calculations of the
cryptographic transformation time (Table 10) and
the dependence of the relative estimate of crypto-
graphic transcoding time on the time of access to
protected remote information (Figure 1), we can
confidently conclude that the application of this
method allows to increase the speed of access to
confidential information from 1.65 up to 3.1
times depending on the key acquisition time and
transformation bitness.

Discussion of the result. After counting
the contours in this truth table (Table 9), we have
found that the X,X. contour at zero value of the

function occurs zero times, therefore, it is includ-
ed in the MDNF of f, function.

After deletion of the line covered by the
X,Xs contour and recalculation of values in the

sets in which the function takes the values of one,
we have that the X,X; contour has covered all the

remaining sets. Therefore, the number of ob-
tained contours is zero, and so the construction of
three or more variable contours does not make
sense. Consequently, we have obtained MDNF of
the f, = x, VX,X; function.

The performed calculations have con-
firmed the efficiency and simplicity of applying
the method of minimization of Boolean functions
based on directed enumeration with the number
of variables 4 and 6. Moreover, the use of this
method of finding MDNF of a function makes it
possible to reduce the requirements for software
and hardware of automated systems of discrete
device design due to the simplicity of implemen-
tation of the directed enumeration algorithm,
which is the basis of the proposed method.

Conclusions. Therefore, the conducted re-
search on the implementation of the method of
minimization of Boolean functions based on di-
rected enumeration makes it possible to affirm
that the considered method shows effective re-
sults when increasing the number of undefined
values in certain sets of functions, which makes it
possible to reduce the time of access to confiden-
tial information resources from 1.65 to 3.1 times
depending on the time of obtaining the key se-
guence and the transformation bitness.
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The implemented method based on di-
rected enumeration has shown the correctness of
its use when minimizing Boolean functions with
an increased number of variables, and the sim-
plicity of the directed enumeration algorithm
allows for its technical implementation on com-
puter equipment. In further scientific research,
this method will be used to solve the problem of
construction of a discrete model of pseudoran-
dom sequence synthesis using available compu-
ting equipment and checking the possibility of
increasing the stability of pseudorandom se-
guences built on the basis of operations of cryp-
tographic transformation to linear cryptanalysis.
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METO/]I MIHIMI3AIIIl BYJIEBUX ®YHKIIIHA 3 BEJIUKOIO KIJIBKICTIO 3MIHHUX
HA OCHOBI HAITPABJIEHOTI'O ITIEPEBOPY

Poszsumox 06uucniosanbHoi mexmiku Hanpsamy 3anedxicums 6i0 po3eUmMKY Memooie CUHmMe3y KOM-
NOHeHmi6 Yudposoi 0OUUCTIOBATIbLHOI MEXHIKU, MOMY A8MOMAMU3AYIA Npoyecy cnocmepieacmscs i npu
po3pobyi mikpocxem. s cunmesy mooenell cxem WUpoKo UKOpUCMosyemucs Oynesa aneedpa i 00Hi-
€10 13 NpobaEM, WO BUHUKAIOMb NPU YbOMY, 88ANCAEMBCI 3ANEHCHICHb CKIAOHOCMI peanizayii nesHoi
cxemu 610 KitbKkocmi 3MiHHUX Oy1e6oi (hyHKyil, wo ii peanizye.

Buxoosiuu 3 yvo2o, mosicna cmeepodcysamu, wo 30IIbUEHHS KITbKOCMI 3MIHHUX Y OVHKYIAX, SKI
nompebyloms MiHiMi3ayii, gumMazae NOUYKY HOBUX A60 800CKOHANECHHS ICHYIOUUX MEMOOi8 MIHIMI3ayii
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BicHuk YepkacbKkoro gep>xaBHOro TeXHONOriYHOro yHiBepcuteTy 1/2023

oyneeux ¢hymnxyitl, wo 6y0ymv NpOCMUMU V 3ACTHOCYEAHHI, HAOYHUMU WA MAMUMYTE MONCIUBICTHD
agmomamu3yeamu peanizayilo npoyecy MiHiMizayii.

3anuwaemsca akmyanvHow 3a0a4a po3pooKU egheKmusHUX Memooie MiHimizayii 6ynesux QyHk-
Yitl 0715t MOOETIOBAHHS CXeM, WO MarOmb JIHIUHY MA NOTTHOMIANIbHY 3ANIeHCHICMb UEUOKOCTT MOOeio-
BAHHS 8I0 KIILKOCMI 3MIHHUX OY1e80i YYHKYII, o peanizyempCs.

06 ’exm docnioxcenHs — npoyec MiHiMizayii Oyiesux yHKYil, AKi 6UKOPUCHOBYIOMbCA NPU HO-
0y006i cxem yugposux agmomamis.

Memoro pobomu € npaxmuuna peanizayis memooy MiHIMI3ayii Oyieeux QYHKYIl HA OCHOBI Ha-
npasieHo2o nepebopy npu 30LNbUeHHI KIIbKOCMI 3MIHHUX.

3aoaua, axa posensdoacmucs 8 yili pobomi, nouseac 8 po3podbyi ma peanizayii Mmemooy MiHimiza-
yii’ bynesux Qynxyiu, axuti 003601umv MiHIMIZyeamu Oynesi QYyHKYIl Ha OCHOBI HANPAasLeHO20 nepebo-
DYV, PO3PAOHICIb AKUX NEPEBUWYE OeCAmMb 3MIHHUX, A MAKOXNC 30inbuumu eqheKmusHicms nouyKy npu
CKIEI08AHHI IMIIIKAHM 3 8eIUKOI0 HEBUSHAUEHICMIO HA HAOOPAX (hYHKYI.

Ockinvku 6ci iCHYIOUl MemoOu MIHIMI3ayii CIUKAmMbcsi 3 NPoOIeMoI0 2pOMI30KUX 0OUUCTEeHb
npu 30i1bULeHHE KITbKOCMI 3MIHHUX, OJi1 00CAI0NHCEHHs OYI0 8UOPAHO came Memood HanpaeieHo2o nepe-
bopy, AKull € 00CcUmMsb epeKMmusHUM NPU BeUKIL HeBUSHAYEHOCTI HA HADOPAX.

Ha ocnosi nposedenux po3paxynkié SUHAHEHO, WO PO3TAHYMUL MemooO MIHIMizayil Oyieeux
@yukyii diesutt ma npocmuil y 3acmocyéani. OCHOBHOIO 11020 NEPesazord € MONCIUBICIb peanizayil
3acobamu 0OYUCTIOBANLHOI MEXHIKU, a NOKIAOeHULl 8 OCHO8Y HANPAsieHUll nepedip 0036018€ 3MEeHUIU-
mu 8UMO2U 00 NPOSPAMHO-ANAPAMHUX PECYPCI8 CUCTEM ABMOMAMU308AHOZ0 NPOEKMYBAHHS.

Knrouoei cnosa: memoo minimizayii, oynesi (hynkyii, Habip 3Havensb QyHKYLL, HanpaeieHull ne-

pebip.

Cmamma naoiviuna 02.01.2023
Tpuninamo 02.02.2023
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