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METHOD FOR MINIMIZATION OF BOOLEAN FUNCTIONS WITH A LARGE NUMBER 

OF VARIABLES BASED ON DIRECTED ENUMERATION 

 

The development of computer technology directly depends on the development of methods for 

synthesizing components of digital computer technology, therefore the automation of the process is 

observed in the development of microcircuits. Boolean algebra is widely used for the synthesis of cir-

cuit models, and one of the problems in this case is the dependence of the complexity of implementing 

a given circuit on the number of variables of the Boolean function that implements it. Based on this, it 

can be argued that the increase in the number of variables in the functions that require minimization 

requires the search for new or improvement of existing methods of minimization of Boolean functions, 

which will be easy to use, descriptive and have the ability to automate the implementation of the mini-

mization process. 

The task of developing effective methods of minimization of Boolean functions for simulation of 

circuits with linear and polynomial dependence of simulation speed on the number of variables of the 

implemented Boolean function remains relevant.  

The object of research is the process of minimization of Boolean functions, which are used in 

the construction of circuits of digital automata. 

The purpose of this work is practical implementation of the method of minimization of Boolean 

functions based on directed enumeration when increasing the number of variables. 

The objective considered in this work is to develop and implement the method of minimization 

of Boolean functions, which will help to minimize Boolean functions based on directed enumeration, 

the bitness of which exceeds ten variables, as well as to increase the efficiency of search when bond-

ing implicants with a large uncertainty in the sets of functions. Since all existing methods of minimi-

zation face the problem of cumbersome calculations when the number of variables increases, the 

method of directed enumeration, which is quite effective in the case of large uncertainty in the sets, 

has been chosen for the study. Based on the calculations, it has been determined that this method of 

minimization of Boolean functions is efficient and easy to use. Its main advantage is the possibility 

of implementation by means of computer technology, and directed enumeration as the basis can 

reduce the requirements for hardware and software resources of automated design systems. 

Keywords: method of minimization, Boolean functions, set of function values, directed enu-

meration. 

 

Introduction. The use of algorithms that 

operate on Boolean structures is typical for solv-

ing many applied problems, for example, the 

study of the operation of circuits consisting of 

functional elements that can be used to describe 

the mathematical model of the operation of any 

computer, minimization of disjunctive normal 

forms, the problem about the feasibility of the 

Boolean function, the problem about the absence 

of tautologies, the problem about the complete-

ness of the set of connections and many others 

[1]. The rapid development of computer technol-

ogy has led to the fact that most calculations re-

lated to various spheres of human activities are 

carried out automatically with the help of modern 

computers. Since the development of computer 

technology directly depends on the development 

of methods for synthesizing components of digi-

tal computer technology, the automation of the 

process is also observed in the development of 

microcircuits. The main work in the development 

and debugging is allocated to work with the cir-
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cuit model, and only after that physical synthesis 

takes place. Boolean algebra is used for the syn-

thesis of circuit models, that is, circuits are de-

scribed using analytical expressions of logical 

functions. One of the problems that arise during 

the synthesis of circuits is the dependence of the 

volume (complexity of implementation) of the 

circuit on the number of variables of the Boolean 

function that implements it. 

One logical function can be described by a 

set of equivalent representations in the form of 

logical formulas. It is known that any logical 

formula can be transformed into a disjunctive 

normal form (DNF). For this, for example, one 

needs to use the law of double negation, de Mor-

gan's law, and the law of distributivity. 

The disadvantage of the methods for ob-

taining the functions of a perfect DNF (or a 

perfect KNF) can be considered that when en-

suring, in general, the correct functioning of the 

devices, the resulting circuits are often unrea-

sonably complex. They require a large number 

of logical elements and have low efficiency. It is 

clear that the simpler is the analytical expression 

of the function, the more economical and sim-

pler is its practical implementation on integrated 

microcircuits. That is why, when describing, it 

is necessary to obtain such a version of the for-

mula, so that the logical function has the sim-

plest representation of the logical function. Af-

ter all, the compactness of the circuit directly 

depends on the simplicity of the formula of the 

logical function, and only in this case it is pos-

sible to obtain it with the best indicators of im-

plementation complexity. In most cases, it is 

possible to simplify the logical expression with-

out changing the function. The methods for 

simplifying a function are called the methods of 

minimizing functions.  

Minimization means the transition from a 

perfect DNF to a DNF with a minimum of com-

ponents, while the number of multipliers in each 

component should also be minimal, that is, it’s 

necessary to reduce the number of variables and 

operations in the DDNF as much as possible.  

There are quite a lot of minimization 

methods today, both analytical and graphical 

ones: the method of direct transformations of 

logical functions, the method of undefined coef-

ficients, the Quine method, the Quine-McCluskey 

method, the graphical method, Karnaugh maps, 

Veitch maps [2]. All of them have advantages 

and disadvantages, especially depending on the 

possibility of automating the process of their 

implementation and the number of variables in 

the functions to be minimized. At the same time, 

none of them is universal.  

Therefore, the problem of minimization of 

the Boolean function is the most important stage 

of the logical synthesis of discrete devices. In the 

general formulation, the problem of minimization 

of Boolean functions has not yet been solved, but 

it is quite well researched in the class of disjunc-

tive-conjunctive normal forms.  

Based on this, it can be argued that the in-

crease in the number of variables in the functions 

that require minimization requires the search for 

new or improvement of existing methods of min-

imization of Boolean functions, which will be 

easy to use, descriptive and have the ability to 

automate the implementation of the minimization 

process.  

Analysis of recent research sources. 

Quite a lot of modern research is devoted to the 

search for new and improvement of existing 

methods of minimization of Boolean functions, 

because this problem is relevant even today when 

synthesizing the models of digital devices to 

achieve the minimum complexity of their con-

struction. In particular, one of the ways to im-

plement new effective methods of minimization 

of Boolean functions is their representation in 

new forms. For example, in [3, 4] it is proposed 

to implement logical functions in an orthogonal 

form, which is considered as a promising direc-

tion for the development of Boolean algebra, and 

in [5, 6] the possibility of applying integer math-

ematical programming to minimization of Boole-

an functions is considered. When considering 

Boolean functions, typical of circuits that imple-

ment arithmetic operations, the gain is even 

greater. In addition, AND/EXOR circuits are 

easier to diagnose [7, 8]. The proposed method of 

minimization of 5-bit Boolean functions has a 

number of features for solving the problem of 

minimization of the logical function [8].  

In [10], a description of a new method for 

minimizing Boolean functions in an orthogonal 

form of representation and obtaining a minimal 

DNF by step-by-step parallel decomposition of 

Boolean functions into an orthogonal form of 

representation is given during the allocation of 
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argument numbers to the basic and informational 

parts, respectively. It is shown that the proposed 

method of minimization of Boolean functions in 

an orthogonal form isn’t inferior to the generally 

accepted methods of minimization by the imple-

mentation complexity factor and has the ad-

vantage that there is no need to perform addition-

al minimization of intermediate results.  

In addition, methods such as minimization 

by parts [11] and parallelization [12, 13] are 

widely used for minimization of Boolean func-

tions, especially with a large number of variables.  

To date, all possibilities for increasing the 

stability of cryptographic systems based on the 

use of logical operations (Boolean functions) of 

cryptographic transformation have not been ex-

hausted. Cryptotransformation operations built 

on the basis of logical functions deserve special 

attention [14-15].  

Although powerful studies have been con-

ducted and promising results have been obtained 

regarding the methods of implementation of 

Boolean functions, the task of developing effec-

tive methods of minimizing Boolean functions 

for simulation of circuits with linear and poly-

nomial dependence of simulation speed on the 

number of variables of the implemented Boolean 

function remains relevant.  

The purpose and objectives of the re-

search. The purpose of this work is practical 

implementation of the method of minimization of 

Boolean functions based on directed enumeration 

when increasing the number of variables. 

Presenting main material. The method of 

minimization of functions based on directed 

enumeration is carried out as follows: 

1. The truth table is sorted in ascending 

order by the values at which the function takes 

values of zeros and then ones. Thus, the table is 

divided into two subgroups.  

2. The bitness of the truth table is deter-

mined and the number of contours of one varia-

ble is formed.  

3. The presence of combinations of 0 and 

1 in the formed contours of the 1st variable is 

checked.  

4. There are three possible cases of distri-

bution of 0 and 1 in the contour:  

 the contour contains both zeros and 

ones; 

 there are ones in the contour, but no zeros; 

 there are zeros in the contour, but no 

ones. 

5. The contour in which there are no zeros 

is written into the minimization formula and ones 

included in it are removed from the list (from the 

table). Variables and contours are deleted.  

6. Recalculation of values in contours 

with one variable is performed again. If there are 

ones in the contour, but no zeros, then the search 

is repeated. If any other option occurs, then it is 

checked whether there are zeros in the contour, 

but there are no ones. If there are zeros and no 

ones, then contours that do not have ones are 

removed from the list.  

7. The next step is to construct contours 

based on two variables.  

8. Contours are built with a bitness equal 

to the number of variables. Recalculation takes 

place according to the algorithm described above.  

The specificity of this method is that its 

greatest efficiency is achieved with a large num-

ber of undefined values on certain sets of the 

function. 

Example 1. Let’s consider the case of  

minimization of a 1f  Boolean function in four 

variables with a given option of values (Table 1).  

 

Table 1. Sorted truth table of the 1f  

function 

No. 1x  2x  3x  4x  1f  

0 0 0 1 0 0 

1 0 0 1 1 0 

2 0 1 1 0 0 

3 1 1 1 0 0 

4 0 0 0 0 1 

5 0 0 0 1 1 

6 0 1 0 1 1 

7 1 0 0 1 1 

8 1 0 1 0 1 

9 1 1 0 0 1 

10 1 1 0 1 1 

11 1 1 1 1 1 

 

First, let's sort this truth table by the value 

of the 1f  function in the sets. Next, let’s count 

the number of corresponding contours and enter 

the obtained values in Table 2.  
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Table 2. One-variable contours for the 1f  

function 

 0 1 1 

1
       1x  1 5 2 

2
       1x  3 3 0 

3
       2x  2 4 1 

4
       2x  2 4 1 

5
       3x  4 2 2 

6
       3x  

0 6 0 

7
       4x  3 5 1 

8
       4x  1 3 1 

 

As a result, we have that the number of ze-

ros in the 3x  contour is zero, and the number of 

ones is the maximum. Therefore, the resulting 

contour is removed from further calculations and 

is written into the minimal disjunctive normal 

form (MDNF) of the function.  

Let’s delete in Table 2 the lines on which 

the value of the sets coincides with the value of 

the minimized contour for one 3x variable (Ta-

ble 3). 

 

Table 3. Deletion of rows in the truth ta-

ble of the 1f  function 

No. 1x  2x  3x  4x  1f  

0 0 0 1 0 0 

1 0 0 1 1 0 

2 0 1 1 0 0 

3 1 1 1 0 0 

4 0 0 0 0 1 

5 0 0 0 1 1 

6 0 1 0 1 1 

7 1 0 0 1 1 

8 1 0 1 0 1 

9 1 1 0 0 1 

10 1 1 0 1 1 

11 1 1 1 1 1 

 

After deletion of lines and recalculating 

the contours (Table 3), in which the 1f  function 

takes the value of one, we remove 1x  from fur-

ther use, since there are no more ones left in it. 

Let’s form two-variable contours for the 

1f  function (Table 4). 

 

Table 4. Two-variable contours for 

the 1f  function 

 0 1 1 

1       21xx  1 1 0 

2       21xx  0 1 0 

3       31xx  1 2 0 

4       41xx  0 1 0 

5       41xx  0 0 0 

6        32 xx  2 1 0 

7       42 xx  0 1 0 

8       42 xx  2 0 0 

9      32 xx  2 1 0 

10      42 xx  1 0 0 

11      42 xx  1 1 0 

12      43 xx  1 1 0 

13      43 xx  3 1 0 

К 
Thus, after minimization and recalcula-

tion of values, we have that MDNF functions 

412131 xxxxxf   or 422131 xxxxxf  . 

Since the method of minimization of 

Boolean functions by directed enumeration al-

lows to minimize functions with an arbitrary 

number of variables, let’s consider an example 

of minimization of six-variable Boolean func-

tion (Table 5). 

 

Table 5. Six-variable truth table for 

the 2f  function 

No. 1x  2x  3x  4x  5x  6x  2f  

0 0 0 0 0 1 0 0 

1 0 0 0 0 1 1 0 

2 0 0 0 1 0 1 0 

3 0 0 0 1 1 0 0 

4 0 0 0 0 0 1 1 

5 0 0 1 0 0 1 1 

6 0 0 1 0 1 0 1 

7 0 0 1 1 0 1 1 

8 0 0 1 1 1 0 1 
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Example 2. Using the values of Table 5, 

let’s form the contours for the one-variable 2f  

function (Table 6) and calculate the correspond-

ence between the values of the truth table and 

one-variable contours for the sets in which the 2f  

function takes a zero value and sets in which the 

function takes a one value.  

As a result of the calculations, we have 

that 1x  and 2x  contours count zero values in the 

truth table, therefore they are removed from fur-

ther consideration and do not participate in the 

formation of two-variable contours, and the 3x  

contour is included in the MDNF 2f  function, 

therefore it also does not participate in the for-

mation of two-variable contours. 

The lines covered by the contour are also 

deleted from the truth table (Table 7). 

Table 6. One-variable contours for 

the 2f  function 

 0 1 1 

1       1x  0 0 0 

2       1x  4 5 1 

3       2x  0 0 0 

4       2x  4 5 1 

5       3x  0 4 0 

6       3x  4 1 1 

7       4x  2 2 0 

8       4x  2 3 1 

9       5x  3 2 0 

10       5x  1 3 1 

11       6x  2 3 1 

12       6x  2 2 0 

 
 

Table 7. Deletion of rows from the truth table of the 2f  function 

No. 1x  2x  3x  4x  5x  6x  2f  

0 0 0 0 0 1 0 0 

1 0 0 0 0 1 1 0 

2 0 0 0 1 0 1 0 

3 0 0 0 1 1 0 0 

4 0 0 0 0 0 1 1 

5 0 0 1 0 0 1 1 

6 0 0 1 0 1 0 1 

7 0 0 1 1 0 1 1 

8 0 0 1 1 1 0 1 

After deletion of rows and columns in the 

truth table, we recalculate the contours where the 

function has a one value (Table 8). 
 

Table 8. Truth table of the 2f  function 

after deletion 

No. 1x  2x  4x  5x  6x  2f  

0 0 0 0 1 0 0 

1 0 0 0 1 1 0 

2 0 0 1 0 1 0 

3 0 0 1 1 0 0 

4 0 0 0 0 1 1 

 

It is obvious that 4x , 5x  and 6x  contours 

do not participate in the formation of two-

variable contours, so we form two-variable con-

tours from such one-vatiable ones: 1x , 2x , 3x , 

4x , 5x , 6x  (Table 9). 

Table 9. Two-variable contours for 

the 2f  function  

 0 1 1 

1       21xx  4 1 0 

2       
41xx  2 1 0 

3       
51xx  1 1 0 

4       61xx  2 1 0 

5       42 xx  2 1 0 

6        52xx  1 1 0 

7       62 xx  2 1 0 

8       
54xx  0 1 0 

9      64 xx  1 1 0 

10      65 xx  1 1 0 
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Research results. The obtained method 

provides a positive effect due to the processing of 

the amount of information greater than the length 

of the key sequence. 

The number of transformation functions in 

the sets is selected taking into account the bitness 

of command codes and the bitness of the infor-

mation being converted. At the same time, the 

sequence of functions in the sets and their num-

ber can additionally provide an increase in the 

confidentiality of the information transcoding 

process and guarantee the implementation of 

requirements for high-speed access.  

To quantitatively assess the efficiency of 

access to information based on the implementa-

tion of the developed method, it is proposed to 

measure the time of cryptographic transcoding in 

the number of operations of cryptographic addi-

tion. A standard cryptosystem provides trans-

coding during the time of key formation and the 

time of one cryptographic addition operation. The 

device provides transcoding in four cryptographic 

addition operations and the time of key formation. 

Calculations of cryptographic transcoding 

time under the condition of using a four-bit de-

vice are presented in Table 10. 

 

Table 10. Calculations of cryptographic transformation time 

Time  

of key sequence 
acquisition  

Cryptographic transcoding time 
(in the number of cryptographic addition operations)  

standard proposed standard proposed standard proposed 

2 6 8 12 8 24 12 

4 10 12 20 12 40 16 

6 14 16 28 16 56 20 

8 18 20 36 20 72 24 

10 22 24 44 24 88 28 

12 26 28 52 28 104 32 

 
2 bits 4 bits 8 bits 

Increase of the amount of information 

Since a four-bit cryptographic transfor-

mation device is used, we can simultaneously 

process 2-4 bits of information. When processing 

6-8 bits of information, the device will process it 

in two cycles of operation, 12-16 bits of infor-

mation – in three cycles of operation, etc.  

The results of evaluating the efficiency of 

cryptographic transformation of information 

when implementing the developed method under 

the condition of using a four-bit information 

transcoding device are shown in Figure 1.  

In Figure 1, we have the following desig-

nations: 

• 0R – standard coding system; 

• 1R – system with 2-bit data transformation; 

• 2R – system with 4-bit data transformation; 

• 4R – system with 8-bit data transformation. 

 
Figure 1. Dependence of the relative estimate of cryptographic transcoding time on the time of access  

to protected remote information 
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From the graph shown in Figure 1, it can 

be seen that the relative estimate of cryptographic 

transcoding time depends on the amount of pro-

cessed information and the time of obtaining the 

key sequence. 

Taking into account the calculations of the 

cryptographic transformation time (Table 10) and 

the dependence of the relative estimate of crypto-

graphic transcoding time on the time of access to 

protected remote information (Figure 1), we can 

confidently conclude that the application of this 

method allows to increase the speed of access to 

confidential information from 1.65 up to 3.1 

times depending on the key acquisition time and 

transformation bitness.  

Discussion of the result. After counting 

the contours in this truth table (Table 9), we have 

found that the 
54xx  contour at zero value of the 

function occurs zero times, therefore, it is includ-

ed in the MDNF of 2f  function.  

After deletion of the line covered by the 

54xx  contour and recalculation of values in the 

sets in which the function takes the values of one, 

we have that the 
54xx  contour has covered all the 

remaining sets. Therefore, the number of ob-

tained contours is zero, and so the construction of 

three or more variable contours does not make 

sense. Consequently, we have obtained MDNF of 

the 5432 xxxf ∨=  function.  

The performed calculations have con-

firmed the efficiency and simplicity of applying 

the method of minimization of Boolean functions 

based on directed enumeration with the number 

of variables 4 and 6. Moreover, the use of this 

method of finding MDNF of a function makes it 

possible to reduce the requirements for software 

and hardware of automated systems of discrete 

device design due to the simplicity of implemen-

tation of the directed enumeration algorithm, 

which is the basis of the proposed method. 

Conclusions. Therefore, the conducted re-

search on the implementation of the method of 

minimization of Boolean functions based on di-

rected enumeration makes it possible to affirm 

that the considered method shows effective re-

sults when increasing the number of undefined 

values in certain sets of functions, which makes it 

possible to reduce the time of access to confiden-

tial information resources from 1.65 to 3.1 times 

depending on the time of obtaining the key se-

quence and the transformation bitness.  

The implemented method based on di-

rected enumeration has shown the correctness of 

its use when minimizing Boolean functions with 

an increased number of variables, and the sim-

plicity of the directed enumeration algorithm 

allows for its technical implementation on com-

puter equipment. In further scientific research, 

this method will be used to solve the problem of 

construction of a discrete model of pseudoran-

dom sequence synthesis using available compu-

ting equipment and checking the possibility of 

increasing the stability of pseudorandom se-

quences built on the basis of operations of cryp-

tographic transformation to linear cryptanalysis.  
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МЕТОД МІНІМІЗАЦІЇ БУЛЕВИХ ФУНКЦІЙ З ВЕЛИКОЮ КІЛЬКІСТЮ ЗМІННИХ  

НА ОСНОВІ НАПРАВЛЕНОГО ПЕРЕБОРУ 

 

Розвиток обчислювальної техніки напряму залежить від розвитку методів синтезу ком-

понентів цифрової обчислювальної техніки, тому автоматизація процесу спостерігається і при 

розробці мікросхем. Для синтезу моделей схем широко використовується булева алгебра і одні-

єю із проблем, що виникають при цьому, вважається залежність складності реалізації певної 

схеми від кількості змінних булевої функції, що її реалізує. 

Виходячи з цього, можна стверджувати, що збільшення кількості змінних у функціях, які 

потребують мінімізації, вимагає пошуку нових або вдосконалення існуючих методів мінімізації 
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булевих функцій, що будуть простими у застосуванні, наочними та матимуть можливість 

автоматизувати реалізацію процесу мінімізації. 

Залишається актуальною задача розробки ефективних методів мінімізації булевих функ-

цій для моделювання схем, що мають лінійну та поліноміальну залежність швидкості моделю-

вання від кількості змінних булевої функції, що реалізується. 

Об’єкт дослідження – процес мінімізації булевих функцій, які використовуються при по-

будові схем цифрових автоматів. 

Метою роботи є практична реалізація методу мінімізації булевих функцій на основі на-

правленого перебору при збільшенні кількості змінних. 

Задача, яка розглядається в цій роботі, полягає в розробці та реалізації методу мініміза-

ції булевих функцій, який дозволить мінімізувати булеві функції на основі направленого перебо-

ру, розрядність яких перевищує десять змінних, а також збільшити ефективність пошуку при 

склеюванні імплікант з великою невизначеністю на наборах функцій. 

Оскільки всі існуючі методи мінімізації стикаються з проблемою громіздких обчислень 

при збільшенні кількості змінних, для дослідження було вибрано саме метод направленого пере-

бору, який є досить ефективним при великій невизначеності на наборах. 

На основі проведених розрахунків визначено, що розглянутий метод мінімізації булевих 

функцій дієвий та простий у застосуванні. Основною його перевагою є можливість реалізації 

засобами обчислювальної техніки, а покладений в основу направлений перебір дозволяє зменши-

ти вимоги до програмно-апаратних ресурсів систем автоматизованого проектування. 

Ключові слова: метод мінімізації, булеві функції, набір значень функції, направлений пе-

ребір. 
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