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INDEX METHOD OF MINIMIZATION OF BOOLEAN FUNCTIONS

The paper presents a new method of minimization that implements the Boolean function in
classical minimal form of representation by means of a directed selection of possible ways of
minimization according to the criteria of a necessary and sufficient condition — the index method. This
method is a continuation of evolutionary development of methods of minimization by reducing the value
of the basis coefficient K: the method of minimization by parts, the method of parallel decomposition by
reducing K, the matrix method of parallel decomposition. The evolution of methods by reducing the
value of the basis coefficient K is a thorough study of the structure and structural organization of a set of
Boolean functions, a detailed analysis of the strengths and weaknesses of already existing previous
variants of the methods, the identification of critical places that significantly slow down the minimization
process, and the search for alternative ways of accelerating the minimization process. The index method
is developed based on the use of a new way of recording individual Boolean functions in the form of
indexes of significant rows of the truth table. Thanks to this form of recording, it has been possible both
to realize the strengths of the previous methods and significantly improve the weak stages of the previous
methods, which in general gives a big gain in the time of minimization. The advantage of the method is
two-stage minimization of the process, which makes it possible not to use the directed sorting criterion
directly. When forming a complete list of elements, the elements of the final answer are immediately
obtained without specifying intermediate results. Structural elements of the method — a complete set of
possible elements of the final answer for Boolean functions, containing one number of arguments for the
value of the basic coefficient K=1...n, are formed even before the beginning of the execution of the
method. and are used as a table value. When implementing the method, only units without zeros are
processed in the columns of the truth table, which reduces the number of processing objects. The method
is implemented by two-level column processing — checking necessary and sufficient conditions. The
machine implementation of the method uses parallelization of the minimization process. All this
significantly reduces the minimization time — the main value that distinguishes this method from others.
The developed method of minimization is one of the constituent parts of the creation of the software
code, which is the basis of the development of a fractal computer. The main feature of a fractal computer
is the presence of fractal (non-smooth) functions in its software code, which will radically expand its
capabilities in certain areas of computing. To date, none of modern computers uses these functions in the
program code.

Keywords: method of minimization of Boolean functions, matrix method of parallel
decomposition, resulting lines of Boolean function, parallelization of minimization process, basic
coefficient K, fractal computer.

Introduction. An urgent problem in the
practical development of various types of digital
systems remains the mneed to synthesize
combinational circuits described by Boolean
functions (BF) containing a large number of
arguments.

A classical combinational circuit (CS) is a
logic circuit, the values of output signals of
which at an arbitrary point in time are completely

determined by the values of signals at its inputs
[1,2].

The optimal configuration of the CS is
determined by a set of criteria for the complexity
of CS implementation [3, 4]. They determine the
complex characteristics of CS. Optimization of
one of the set of criteria, as a rule, worsens the
value of other criteria. There are two fundamental
criteria that underlie the structure of CS and to
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the meaning of which should be paid special
attention. This is the operation time of CS
(T_CS) and the number of conditional transistors
that make up CS (KUT _CS).

T _CS affects the performance of a digital
device — the smaller the value of 7 _CS, the
greater its performance is.

KUT_CS affects the dimensions of digital
device and energy intensity — electrical energy
consumed by the device. The smaller the value of
KUT _CS, the smaller the final circuit of the de-
vice is in terms of geometric dimensions, the less
electrical energy it consumes.

Historically, CS synthesis methods are
usually divided into two large classes [1]: two-
level and multi-level ones. With two-level
synthesis, the signal passes from the input to the
output of combinational circuit through two levels
of logic elements. With multi-level synthesis, a
complex structure is created, the nodes of which
are analogues of two-level schemes.

One of the main stages of the synthesis of
combination schemes, which affects the value of
T_CS and KUT _CS coefficients, is the stage of
BF minimization, which logically describes the
operation of CS. The consequence of solving BF
minimization problem [2, 3] is the synthesis of
two-level or multi-level CS.

The result of BF minimization is the
implementation of a two-level CS in one of the
implementation options (Figure 1) [5].
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Figure 1. Options for implementing a two-level CS:
a) with a uniting (Unite_LE) logic element;
b) with a choice (Choice LE) logic element

In CS, the selection logic element
(Choice LE) can be one of the types of logic
elements, which, according to its logic function,
selects one of the possible variants of
combinations of input signals.

The uniting logic element (Unite LE) in
CS can be one of the types of logic elements,
which by its logic function selects several
possible variants of combinations of input
signals.

The result of BF minimization in case a) is
the BF in classical form of representation (CFP)
or polynomial form of Reed-Miiller
representation (RMFP). CSs built on the basis of
BF specified in KFP or RMFP have the best
values of T_CS criterion and differ in maximum
speed.

A successful result of BF minimization,
which leads to the creation of a multi-level CS
(Figure 2), is the orthogonal form of BF
representation (ORFP) [3]. Multi-level KS, as a
rule, have better indicators of KUT CS criterion
[6, 7].
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Figure 2. Implementation of a multi-level CS

As a result, when choosing the
construction of either two-level or multi-level
CS, a contradiction arises when constructing a
CS - either to build a scheme with greater work
productivity, or to build an energy-saving scheme
with minimal geometric dimensions [8, 9].
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An actual problem in the development of
BF minimization methods containing a large
number of arguments is the construction of
methods that lead to a complete answer in less
time.

The purpose of the research is to find a
BF minimization method with a large number of
arguments, given in classical form of
representation, which is practically implemented
in the minimum possible time.

CFP is the most implemented form of
representation in computer electronics. The
advantage of the minimal form of BF in CFP
compared to other forms of representation of BF
is that CS has the best indicators of the value of
T _CS criterion. At the same time, the value of
KUT CS criterion is much better than in other
forms of BF representation.

There is a large number of methods for
obtaining the minimal form of BF in CFP, a
simple list of which is far from a trivial task [13,
14, 15]. All these methods, as a rule, provide a
complete solution to the problem. However, all
of them have one significant drawback — the
speed of obtaining a complete result, the minimal
form of BF in CFP, in them falls in an avalanche
even with a slight increase in the number of
arguments containing BF, even when using
powerful hardware and software tools designed
for obtaining the final answer.

In order to understand the search for the
direction of the optimal minimization method,
the following questions and answers to the
questions that will arise during their investigation
should be considered:

— what is BF, what is its structure from the
point of view of its minimization;

— the problem of arranging and classifying
BF, determining the criteria for combining BF
into a single set;

— interdependence and subordination
between BF containing the same and different
number of arguments;

— arrangement of studies of the properties
of BF sets according to their key properties;

— implementation of BF properties and
properties of BF sets to build an optimal
minimization method according to the given
criteria of the complexity of CS implementation.

The implementation of the set tasks is
based on a detailed analysis of already
implemented  methods, identification  of
problematic stages of implementation and
methods of accelerating these stages.

BF is a type of logical function defined by
a truth table (7I BF) (Table 1). Therefore, the
main object of research in the article is 71 BF as
the main element on the basis of which the BF
minimization method is built.

Table 1. Definition of a Boolean function
using a truth table

. 8
E g Xp-1 X7 X0 F
a
0 01 .. 0 0 7o
1 0 .. 0 1 fi
o2 1. 1 0 S
2! 1 ... 1 1 Fones

To order the elements of the set BF, it is
customary to consider the column of the result F
in TI BF as the number of the Boolean function
F={foifn2...f1fo} (see Table 1), where the digits f;
can take the value 0 or 1. Depending on the
number of arguments n of the Boolean function,
BF number consists of 2" digits. Accordingly, the
set BF containing the same number of arguments

contains 2> BF (Table 2).

Table 2. An avalanche of the number of
Boolean functions when the number of their
arguments increases

The The quantity of
o} > 2 | quantity of Boolean
o =g C .
5 b= QE) digits in functions
g g 5 Boolean containing the
g = function same number of
number arguments
1 1 2 ) 4
2 2 4 16
3 3 8 . 256
4 4 16 i 65 536
5 5 32 i 4294967 296
A fundamental property of BF, which

combines Boolean functions containing a different
number of arguments, is the Shannon
decomposition. Using the Shannon decomposition,
an arbitrary BF containing n arguments can be
represented by a BF containing n-1 arguments in 7
ways [10].

In general case of the CFP, the Shannon
decomposition has the form:
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y :f(xn_l,...,xi,...,xo) =

Only those Boolean functions that contain

— " . n " : " <
= Xy Dy (XX 1Ky s0) V X = Dy (B _pseeesXig 15K eer X0 ) the parent BF "logical 0" or "logical 1" in their

An arbitrary BF with n arguments is written in
the form of a logical disjunctive series containing
two terms, each of which contains a BF with n-1
arguments [10].

If the decomposition is performed several
times, it will lead to the formation of a logical
disjunctive series (1), where each member of the
series consists of two parts, which, by analogy
with geometry, is called the basic part Q,
containing & arguments (0<k<n-1) and
informational part @,. Information part @; is a
BF containing n-k arguments.

261

y = f(xn_la---axia'--axo) = \/ Qi /\q)l (1)
i=1

In order to show the degree of
decomposition of the members of BF series, let’s
enter the value of the base coefficient K — the
degree of decomposition of the member of
logical disjunctive series BF. It indicates the
number of arguments contained in the base part
in this member.

It is this property that unites BF into a
complete set of Boolean functions and is decisive
when studying the properties of BF.

If we consider the interdependence between
Boolean functions in the complete set BF through
the Shannon decomposition, it can be shown that
BF has a pronounced fractal structure.

An arbitrary Boolean function containing n
arguments is the result of the mutual composition
of n pairs containing n-1 arguments.

In other words, an arbitrary BF stores
information about all parent functions starting
from the primary parent BFs containing
1 argument — "logical 0" (00), "logical 1" (11)
and BF non-constants (01, 10).

As a result of the decomposition of an
arbitrary BF in informational part of @, the
mother BFs that are in the genetic code of the
specified BF are obtained. It is maternal BF that
affects the degree of BF minimization. If, at a
certain stage of the decomposition, the parent
BF, the informational part of @;, is a "logical 0",
then the value of the specified member of logical
disjunctive series is zero. If, at a certain stage of
the decomposition, the parent BF is a "logical 1",
then the value of the indicated member of logical
disjunctive series is equal to the value of the
basic part Q;.

genetic code are minimized in CFP.

Presenting main material. For a long
time, minimization methods built on the basis of
BF decomposition in CFP were irrelevant, since
they did not compete with classical BF
minimization methods. For Boolean functions
containing a large number of arguments, the
situation is radically different — the time to obtain
the minimization result by classical method
increases exponentially.

The fractal character of BF structure
indicates that the solution of a typical problem of
processing fractal structures, including BF
minimization, is solved by a directed search with
the application of certain path selection criteria
using BF decomposition. Solving this problem is
a search for the shortest way to perform the
decomposition of the members of a disjunctive
logical series until informational parts Q; in all
members of the series are equal to either the
value "logical 0" or "logical 1".

As practical experience shows, solving this
problem by  directly performing  the
decomposition in the shortest way, the problem is
generally unsolvable. The reason is that there is
no clear criterion for finding the shortest
decomposition path.

Another way of using the BF
decomposition to create an efficient minimization
method can be suggested. When decomposing
BF, three groups of logical terms can be formed:

— logical terms in which informational part
Fi is not equal to "logical 1" and not equal to
"logical 0";

— logical terms in which informational part
of @ is equal to "logical 0";

— logical terms in which informational part
of Fi is equal to "logical 1".

Only the third group of logical terms is of
practical interest, and not all, but only those in
which the value of the coefficient K is the
maximum possible.

Due to the lack of a clear criterion for the
optimal direction of the decomposition, it is
advisable to implement the minimization method
by replacing the direct decomposition of BF with
the solution of the two-stage problem. At the first
stage, all terms of logical series of the third group
are searched for the values of the basic
coefficient K=1,2,...,n-1 (namely, the list of the
corresponding basic parts of Q).
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At the second stage, a final minimized log-
ic series is constructed from the specified Q; ac-
cording to the full coverage criterion.

As a result, either 1 or several solutions are
obtained by the decomposition method — the
minimal forms of the specified BF in CFP.

The development of optimal minimization
decomposition methods is implemented in two
directions:

1. Search for terms of the third group of
logical series by increasing the value of the basic
coefficient K.

2. Search for terms of the logical series of
the third group by reducing the value of the basic
coefficient K.

Each direction has its strengths and
weaknesses. The authors of the article consider the
direction of searching for terms of logical series of
the third group to be more promising by reducing
the value of the basic coefficient K from the point
of view of the time of obtaining the final result.
On the long way to obtaining a result, the authors
have proposed several minimization methods that
realize the possibilities of this direction (in
chronological order of creation), namely:

1. The method of minimization by parts
[10, 11, 12].

2. Parallel decomposition by reducing the
value of the base coefficient K [13, 14].

3. Matrix method of
decomposition [15].

Each of the subsequent obtained methods
is an evolutionary development of the previous
ones. They were developed through a detailed
analysis of the strengths and weaknesses of
previous methods, identification of critical points
that significantly slow down the minimization
process, and search for alternative ways to speed
up the minimization process.

The index method of minimization of
Boolean functions is an evolutionary continuation
of the previous methods. It is developed based on
the analysis of the matrix method (Figure 3), takes
into account the concept and the strengths of the
previous methods and significantly accelerates the
minimization process.

The directed sorting of the elements of the
ready answer, which is the basis of this method,
involves the use of sorting criteria that indicate
the direction of the shortest movement to the
result during sorting. A detailed analysis of
selection criteria makes it possible to divide them
into two groups:

— criteria of the necessary condition of the
search;

parallel

— criteria of a sufficient condition of the
search.

The criteria of a sufficient condition of
search are decisive. The minimization method can
be built only on the criteria of a sufficient
condition of search. They accurately indicate
whether the basis part Q; of disjunctive logic series
is an element of the final answer with the
maximum value of the basis coefficient K. The
implementation of the minimization method in
CFP makes it possible to obtain a guaranteed full
final answer. The disadvantage of this approach is
that the verification of criteria for the sufficient
condition of sorting is quite lengthy in time, which
in turn slows down the entire minimization
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Figure 3. Algorithm for implementation
of the matrix method of parallel decomposition
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The necessary search condition criteria are
not determinative when searching for elements of
the final answer, but they specify exactly which
basis part of Q; is not an element of the final
answer. As a rule, these criteria are not obvious
when used for Boolean functions with a small
number of arguments. Their role and number
grow precisely with the growth of arguments in
BF. The advantage of using the necessary
condition criterion is that the check is several
orders of magnitude faster than the sufficient
condition check.

It is the search and application of the
criteria for non-necessary condition of directed
search that makes it possible to significantly
speed up the minimization method.

The index method of minimization of
Boolean functions is developed on the basis of
and taking into account the features of the matrix
method of parallel decomposition [15].

When analyzing the implementation of the
matrix method (see Figure 3), it has been found
that the slowest stage in the execution time of the
specified method is the stage "Determination of
the number of units in the columns of TI
arguments". As a rule, it is necessary to sort 2"
digits to calculate the sum of the criterion of the
sufficient sorting condition. As the number of
arguments »n increases, this number grows
exponentially. What is important, as a rule, when
counting, most of numbers are zeros, numbers
that do not affect the result, but significantly
reduce the counting time.

The index minimization method is
designed to exclude these zeros from the
counting process and, accordingly, to speed up
the search for elements that meet the criterion.

It is advisable to explain the essence of the
method using an example, describing in detail the
BF minimization algorithm. Let BF be given, hav-
ing the number 1 467 447 1874,. The binary digital
code BF consists of 5 arguments (#=5) and is

0101 011101110111 011101110111 0101,.

Stage 1. Formation of a complete list of
elements of the final answer.

1. Write all lines of TI BF £ s

(Table 3), the value of which in the column of the
result is equal to 1. These are the resulting lines of
TI BF for the value of the basic coefficient K=1.
Write lines in the table of result lines in the
form of sets of 0 and 1 line arguments — digital

binary codes of TI BF lines {00000, 00100,
00100, 00101, 00110, 01000, 01001, 01010,
01100, 01101, 01110, 100001, 10000 10010,
10100, 10101, 10110, 11000, 11001, 11010,
11100, 11110} and the corresponding row
indices {00,02,04,05, 06,08,09,10, 12,13,14,16,
17,18,20,21, 22,24,25,26, 28,30}. As a result, the
index digital code of the Boolean function is

30282625242221201817161413121009080605040200

Table 3. Truth table of the Boolean
. 5
function /..,

&N
Strings of arguments E 6p .°§
257 8
1EEs ¢
o =]
Xs | Xy | X3 | X | % E ~
0 01010 0 |1 00000 00
0 0] 0] O 1 10
0 010 1 0 |1 00010 02
0 010 1 1 10
0 0 1 0 0 |1 00100 04
0 0 1 0 1|1 00101 05
0 0 1 1 0 |1 00110 06
0 0 1 1 1 10
0 1 010 0 |1 01000 08
0 1 010 1|1 01001 09
0 1 0 1 0 |1 01010 10
0 1 0 1 1 10
0 1 1 0 0 |1 01100 12
0 1 1 0 1|1 01101 13
0 1 1 1 0 |1 01110 14
0 1 1 1 1 ]0
1 0| 0] O 0 |1 10000 16
1 0] 0] O 1 1 10001 17
1 010 1 0 |1 10010 18
1 010 1 1 10
1 0 1 0 0 |1 10100 20
1 0 1 0 1 1 10101 21
1 0 1 1 0 |1 10110 22
1 0 1 1 1 ]0
1 1 0] 0 0 |1 11000 24
1 1 010 1 1 11001 25
1 1 0 1 0 |1 11010 26
1 1 0 1 1 10
1 1 1 0 0 |1 11100 28
1 1 1 0 1 10
1 1 1 1 0 |1 11110 30
1 1 1 1 1 ]0
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2. Form TI arguments of BF f{5). For the
convenience and compactness of the image on
paper, turn TI by 90° (Table 4, a, b, c) so that the
columns of TI become rows. The index digital
code of argument lines is obtained by writing out
the indices of the units of the binary code. The
list of arguments of the truth table of the Boolean
function can be written in different forms:

1) In the form of the row number of the
argument of the truth table of the Boolean
function (see Table 4, a).

Table 4, a. A list of truth table argu-
ments of a Boolean function in the form
of an argument line number

. Ne of
Ne in argu- Argument line number
order gu gt
ments
1 X 10101010 1010 1010 1010 1010 1010 1010

X, 11001100 1100 1100 1100 1100 1100 1100

X5 1111 0000 1111 0000 1111 0000 1111 0000

2
3
4 X, 1111 1111 0000 0000 1111 1111 0000 0000
5

X 11111111 1111 1111 0000 0000 0000 0000

Table 4, c. A list of truth table arguments
of a Boolean function in the form of a digital
binary code

gfrg dier; Ne of arguments | Digital binary code
. X, ks |
5 X, ek ] o
3 X, ok | sk
1 X, e ] ko
s X IELE L

3. On the basis of the truth table of argu-
ments of the Boolean function, which contains
5 arguments, build a table of possible elements
of the final answer — the basic parts Q; of the
terms of disjunctive logical series, in which the
information part @; is equal to "logical 1" for the
value base coefficient k=1, by adding additional
rows with inverse arguments to the truth table
of arguments of the Boolean function (Table 5).

Table 5. The table of possible elements
of the final answer of the truth table
of the Boolean function at K=1

] A complete list of possible elements
2) In the form of an index number code of g Kind of the final truth answer
argument lines (see Table 4, b). 5 (1)? of the Boolean function at K=1
. E literal o Binary
Table 4, b. A list of truth table arguments | = Index digital code digital
of a Boolean function in the form of an index code
numeric code of argument strings 0| x, |31292725232119171513110907050301 | **3*%*]
Nein | Neof Index numeric code 1 ;1 30282624222018161412100806040200 | ***%*()
or- | argu- .
der mfrlllts of argument strings 2 X, |31302726232219181514111007060302 kK] *
1 X, | 31292725232119171513110907050301 | | 3| X, |29282524212017161312090805040100| ***0*
2 X, 31302726232219181514111007060302 4 X, |31302928232221201514131207060504 | *#]**
3 X3 31302928232221201514131207060504 5 )C_3 27262524191817161110090803020100 | **(**
4 X, 31302928272625241514131211100908 6 X, |31302928272625241514131211100908 il aloko
5 Xs 31302928272625242322212019181716 7 x_4 23222120191817160706050403020100 | *Q***
8 Xs 31302928272625242322212019181716 | 1****
The index code of argument lines is —
obtained by writing out the indices of TI 9 X5 15141312111009080706050403020100 | Q****

argument column units from bottom to top.

3) In the form of a digital binary code of
argument lines (see Table 4, ¢).

4. Check the necessary condition: whether
the elements of the full list of possible elements
of the final truth answer of the Boolean function
at K=1 (see Table 5) belong to the set of
elements of the resulting lines (see Table 3).
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When checking, the sign "*" replaces numbers
"0" and "1". If the condition is not fulfilled, the
possible element of the final truth answer does
not belong to the set. It must be crossed out
(Table 6).

In this case, the necessary condition is
fulfilled for all possible elements of the final
truth answer of the Boolean function at K=1.

5. Check the sufficient condition: whether
possible elements are really the elements of the
final truth answer of the Boolean function at

7. Form the list of indices of the result
lines with K=2. For this, it is necessary to cross
out the list of elements of the final truth answer
of the Boolean function at k=1 from the list of
resulting lines at K=1 (Table 7). In this case, the
lines described by the mask (****0) should be
crossed out from the table. As a result, 16 lines
are crossed out. The result of the check is in
Table 6: indices of the resulting rows at k=2 con-
stitute (05, 09, 13, 17, 21, 25).

Table 7. List of result lines at k=2

K=1. Sufficient condition criterion: all index The index of
values of the index code of a possible element of Ne in ¢ index o Result line
s the resulting Result
the final answer must have the index code of the order row (K=1)
Boolean function (see Table 5).
1 00 00000 -
) 2 02 00010 -
Table 6. Checking of the necessary 3 04 00100 .
condition of belonging to possible elements
4 05 00101 +
of the final truth answer of the Boolean
. 5 06 00110 -
function at K=1
6 08 01000 -
eleri:ii;b;?‘ the The matching ’ @ s .
final answer element of the Result 8 10 01010 -
- result string (K=1) 9 12 01100 -
at K=1
10 13 01101 +
X, wEEX] 00101 + 11 14 01110 -
x_l ) 00000 + 12 16 10000 -
. 13 17 10001 +
X2 : 00110 i 14 18 10010 :
X, HHE(* 00000 + 15 20 10100 -
x| e 00100 N 16 21 10101 +
— 17 22 10110 -
X, RO 00000 + 18 24 11000 -
X, ] ok 01000 + 19 25 11001 +
— - 00000 N 20 26 11010 -
X4 21 28 11100 -
Xs oot 10000 + 22 30 11110 -
X, | o 00000 + -
8. Check the necessary condition: whether

Result: with K=1, one element of the final

answer is obtained: x; .

6. Analogous actions: formation and editing
of the next full list of possible elements of the
final answer, checking the necessary and
sufficient conditions, must be performed at
K=2..5.

the elements of the full list of possible elements
of the final truth answer of the Boolean function
at K=2 belong to the set of elements of the
resulting lines. When checking, the sign "*"
replaces numbers "0" and "1". If the condition is
not fulfilled, the possible element of the final
truth answer does not belong to the set. It should
be crossed out (Table 8).
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Table 8. The table of verification of the
necessary condition of possible elements of the
final answer of the truth table of the Boolean
function at k=2

9. Check the sufficient condition: whether
possible elements for which the necessary
condition is fulfilled are really the elements of
the final truth answer of the Boolean function at

A complete list of possible K=2. Sufficient condition criterion: all index
5 S| elements of the final truth values of the index code of a possible element of
@ % | answer of the Boolean function the final answer must have the index code of the
Ne in % % at K=2 :3 Boolean function (see Table 7).
order| 5 £ . & Result: at K=2, no possible element is an
= 5 Binary
S E Index digital code | digital element of the final answer.
© code
_ 10. Form the list of result lines with K=3.
I | xox, | 2824201612080400 | ***00 - Since at K=2 there are no elements of the final
2 XoXi1 3026221814100602 | ***10 - truth answer of the Boolean function, the list of
3| xex | 2624181610080200 | **0*0 - resulting lines remains unchanged (Table 9).
4 xX3x; | 3028222014120604 *E1*0 -
> | xx | 2220181606040200 | *0**0 - Table 9. List of resulting lines with
6 XX 3028262414121008 *1**0 - K=3
7 xsx; | 1412100806040200 0***0 -
8 xsx; | 3028262422201816 1#*%(Q - Ne in The index The resulting string
9 %X, | 2925211713090501 s ()| + order | of the resulting row (K=3)
10 | xox; | 3127231915110703 ¥ 1 - 1 05 00101
11 X;X; | 2725191711090301 **0*1 + 2 09 01001
12 | x3%; | 3129232115130705 *E1*] + 3 13 01101
13 | x4x; | 2321191707050301 | *0**1 + 4 17 10001
14 | xx, | 3129272515131109 | *1**1 | + 5 o1 10101
15 | xox | 1513110907050301 | 0***1 | + s 5 1001
16 | xsx; | 3129272523211917 1*#*] +
17 "_3{2 2524171609080100 | **00* + 11. Check the necessary condition:
18 | xs%, | 2928212013120504 | **10* | + whether the elements of the full list of possible
19 | xix, | 2120171605040100 :0:0: al elements of the final truth answer of the Boolean
20 | x| 2928252413120908 1*0 - function at K=3 belong to the set of elements of
21 | xo0 | 1312090805040100 | O%*0* | * | . oculting lines (Table 10). For the sake of
22 | xsx, | 2928252421201716 1*¥*0* + ’ .
23 | 2, | 2726191811100302 | *¥01% - compactness of the record, jche table lists only
24 | xyx, | 3130232215140706 | **11+ - poss@le Ftlements for Wthh' the necessary
25 | xix, | 2322191807060302 | *0*1* : condition is fulfilled (out of 80 lines, 36 lines are
26 | x4%; | 3130272615141110 ¥PFL* - shown).
27 | xsx, | 1514111007060302 Q**1* -
28 | xsx, | 3130272623221918 [**]* - 12. Check the sufficient condition: whether
29 | x,x; | 1918171603020100 | *00%** - possible elements for which the necessary
30 | xqx; | 2726252411100908 | *10** + condition is fulfilled are really the elements of
31 X_sé 1110090803020100 | 0*0** + the final truth answer of the Boolean function for
32 | xox; | 2726252419181716 | 1%0** | + K=3 (see Table 10).
33 | x4x;3 | 2322212007060504 *Q1*+* +
34 | x4x; | 3130292815141312 | *11** + 13. Formation of the list of result lines
35 | xsx; | 1514131207060504 | 0*1** | + with K=4. As a result of crossing out the final
36 | xsxs | 3130292823222120 | 1*1** + elements in the table of result lines, an empty
37 | xsx4 | 0706050403020100 | 00*** + table has been obtained. Therefore, there is no
38 | xsx, | 2322212019181716 | 10*** + need to check the necessary and sufficient
39 | xsx4 | 1514131211100908 Q*** + condition for K=4 and K=5.
40 | xsx4 | 3130292827262524 11%%* +

© S. V. Burmistrov, V. I. Khotunov, M. V. Zakharova, S. L. Mykhaylyuta, M. V. Liuta, 2023

DOI: 10.24025/2306-4412.2.2023. 273763

32



BicHuk YepkacbKoro gepxaBHOro TeXHOJNOri4YHOro yHiBepcurteTty

2/2023

Table 10. Table of verification of the
necessary condition of possible elements of the
final answer of the truth table of the Boolean
function at K=3

Stage 2. Formation of the final answer.

The essence of the stage is the construction
of the minimal form of BF in the form of a dis-
junctive logical series, the terms of which are

Result: with K=3, 6 elements are elements
of the final answer: X;X3X,, X4X3X5, X5X3X2, X5X3X2,
i5X4i2, X5i4i2.

A complete list of possible those basic parts of Q; with K=1...n, in which the
5 L elements of the final truth informational part of @; is equal to "1".
?g Conﬂ;ncnve answer of the Boolean A disjunctive logical series is considered
R riztn(t)s ?]r(il;) function at K=3 complete — a final answer if the list of indices of
2 Index digital Binary all its terms overlaps the indices of the Boolean
code digital code function. Therefore, not all elements of the final
1 X3XoX 25170901 **001 answer can belong to the same disjunctive logical
2 X3%0X) 29211305 **101 series. a Boolean function has multiple responses,
3 XXX, 21170501 *()*( ] if BF indices overlap in multiple ways.
4 XaZoXy 29251309 *1%01 1. TQ form the minimum form of BF, you
5 L 10170301 *00*1 negd to build a.table (Table 11), th§ columns of
= o~ which are the indices of TI BF lines, and the
6 XaX3X1 23210705 01*1 rows are the elements of the final answer [7]. If
7 X4X3X 27251109 *10%1 the element of the final answer contains a certain
8 X4X3X) 31291513 1 column index, "1" is placed in the corresponding
9 X4X3X2 21200504 *010* cell. For each column, you need to calculate the
10 X435 25240908 *100%* sum of "1". Based on the line of sums, construct
1| xxs% 29281312 *110* the answer.
12 X5XoXi 13090501 0**01
13 Xs5X, 20252117 1%%01 Table 11.1. Table for formation of the
14 XXXy 11090301 0%0*1 final answer (beginning)
15 XeXaX) 15130705 0%1*1 Eleﬁﬁnts g Indexes of the resulting rows
(o) (5] naecx
16| XXX 26241816 170%0 final | digital code |30 |28 |26 |25 |24 [22 |21 {20
17 X5X3X] 27251917 1*0*1 answer
18] xsx3x 31292321 1*1%1 30 2826 24
19 X5X3X 09080100 0*00* Xi ﬁ fg }g ég 111 11 1
20 | XsxsX 13120504 0*10* 06 04 02 00
21 XsX3X) 25241716 1*00* XXX, | 212005 04 11
2] xsx% 29282120 1*10* X% | 252409 08 1)1
| XXX 07050301 00%*1 XexsX, | 13 120504
24 X5X4Xi 15131109 01**1 —
25 XXX, 23211917 10%%1 XsX3X, | 25241716 1|1
26| xexex, 31292725 1T+ XsxaXo | 131209 08
271 X% 05040100 00%0* xsK,%, | 21201716 E
28 XXX, 13120908 01*0* A number of sums 1|1 (11231 (2}3
XX 10*0*
iz :ZZ ;;ig;;i 1170% To fprm the minimum form of' BE, you
— o need to build a table (Table 11.1-11.3 is divided
31 XsXaXs 07060504 001 into 3 parts to accommodate all the columns in
32 X5X4X3 11100908 010*= the columns of the article), the columns of which
33 X5X4X3 15141312 o11** are the indexes of TI BF lines, and the rows are
34 X5X4X3 19181716 100** the elements of the final answer. If the element of
35 XsX4X3 23221918 101%** the final answer contains a certain column index,
36 XsX4 X3 27262524 110%* "1" is put in the corresponding cell. For each

column, you need to calculate the sum "1". Based
on the line of sums, construct the answer.
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Table 11.2. Table for formation of the
final answer (continuation)

BEGINNING
)

. Formation of the list of indices
Elements Indexes of the resultlng rows of the resulting lines
Of the Index d1g1tal of the Buule;n function
ﬁnal COde 20 1 8 1 7 1 6 14 1 3 12 1 0 Formation of the index code
answer of the Boolean function
30282624 o
_ 22201816 K=1
X 121008 | ] bt bt
06 04 02 00 I
X4X3Xy [ 21200504 | 1 The list of indices of the oL,
resul.tlng. rows of theannlenn 1
X4i3iz 25 24 09 08 function is not empty
1l 80
X5X3i2 1 3 12 05 04 1 1 Formation of the complete set of possible elements of
the final answer for the value of the basic coefficient K
XsX3X, | 25241716 11 )
— — Cher.:king the n v condition of belonging of the
X5X4Xo 13 12 09 08 1 1 g:ssis;zl:e;li?:i:tlsc of the final answer for the value of the
XXX, | 21201716 5 T o
A number of sums 301|231 ]2]3]|1 Clerine e Checking the
condition of the condition of the
o e
Table 11.3. Table for formation of the Senalucolthe ot
final answer (end) - g &
Elements Indexes of the resulting rows b A e st
of the | Index digital 0
final }code )09 1080605040200 Pk
answer
30282624 o
_ 222018 16 &= k1
114121008 bt RN m
06 04 02 00 I
i4X3i2 2120 05 04 1 1 ‘ | Formation of the final answer | |
XX3Xy | 25240908 | 1 |1
END
%x:%, | 13120504 | 1| 1
XXs%, | 2524 17 16 Figure 4. AlgOl"ltl‘lIn. of Parallellzatlon of the‘ index
method of minimization of Boolean functions
XsXqX; | 13120908 | 1 | 1
XsXgX, | 212017 16 Discussion of the results. The developed

A number of sums 3141112111

Research results. The index minimization
method is designed as a machine-based minimi-
zation method for the use in cluster computing
systems to minimize systems of fully defined BF
containing a large number of arguments. With the
increase in the number of arguments in BF, the
number of possible elements of the final answer
of BF for the values of the basic coefficient
K=1...n increases exponentially. Therefore, to
expand the capabilities of the method and speed
up the minimization process, parallelization of
the minimization process is used for the slowest
time steps. In this case, the minimization algo-
rithm has the following form (Figure 4).

minimization method is one of the constituent
parts of creating the software code for the fractal
computer. The main feature of a fractal computer
is the presence of fractal (non-smooth) functions
in its software code, which will radically expand
its capabilities in specific areas of calculations.
To this day, none of modern computers use these
functions in the program code.

Conclusions. The article proposes a new
method — the index method of minimization of
Boolean functions containing a large number of
arguments. This method is an implementation of
evolutionary development of BF minimization
methods [8, 9, 10] by reducing the value of the
basic coefficient K with the aim of accelerating
the minimization process over time.
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The scientific novelty consists in the
development of a method based on a new form of
representation of the Boolean function in the
form of a digital index code, which allows to
speed up the minimization process in time.

The practical value is represented by a
software product that, based on the algorithm of
de-parallelization of the minimization process
using the index method, makes it possible to
minimize Boolean functions on cluster computer
systems.

The advantages of this method are:

1. During the formation of a complete list
of elements, the elements of the final answer are
received  immediately = without  defining
intermediate results, which significantly speeds
up the search.

2. The complete set of possible elements of
the final answer for all Boolean functions
containing one number of arguments for the
value of the basic coefficient K=1...n is one-one.
Therefore, the formation of the set is performed
even before the start of the algorithm execution
and is used during minimization as a reference

value.  This  significantly  reduces  the
minimization time.
3. The main object of the method

implementation is the columns of the truth table
of the Boolean function. The use of a list of
indexes of the resulting rows reduces the number
of rows in the truth table to be processed from 2"
to the number of units in the resulting column. As
the value of K increases, the list of indexes
decreases, accordingly, the algorithm speeds up

4. The implementation of two-level
processing of the columns of the truth table of the
Boolean function — the level of checking the
necessary condition and the level of checking the
sufficient condition significantly reduce the time
of searching for a complete list of elements of the
final answer.

5. Processing of the columns of the truth
table of the Boolean function when checking the
sufficient condition by the method of indices for
obtaining the result makes it possible to speed up
the processing of a part of the column. Only
column elements whose value is equal to "1" are
checked, not the entire column, and stop the
check early according to the condition of the
absence of certain indexes.

6. The formation of the final answer by the
index method is the easiest to implement in
comparison with the versions of the
implementation in previous methods.

7. Parallelization of the minimization
process for the most time-consuming phase of the
sufficient condition check at the hardware level
significantly speeds up the minimization process.

8. The search for new methods of minimi-
zation is an integral part of creating elements of
the software code of a fractal computer, namely,
the development of tools for the implementation
of fractal (non-smooth) functions in the software
code, which should radically expand the possibil-
ities of using a fractal computer.
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IHAEKCHUM METOJ MIHIMI3AILII BYJJEBUX ®YHKII

Y pobomi npeocmaeneno nosuii memoo miHimizayii, wo peanizye Oyiesy yHKYil0 y KiacuuHiil
MIHIMATBHIU BOPMI NPEOCMABACHHS UWISIXOM HANPAGIECHO020 Nepebopy MONCIUBUX WIAXI6 MIHIMIZayil
3a Kpumepisimu HeoOXiOHol i docmamuboi ymosu — iHOekcHull memoo. Lleii memoo € npoodosiceHHaMm
eB0IIOYINIHO20 PO3GUMK)Y MemOo0i6 MIHIMI3ayli ULIAXOM 3MEHUIeHHSl 3HAYEHHS OA3UCHO20 KoeiyicH-
ma K: memody minimizayii no uacmunax, memooy napaneivbHoi 0ekomnosuyii uiisaxom 3menwens K,
MAMPUYHO20 Memody napaneibHoi oekomnosuyii. Egontoyia memooie winiaxom 3mMeHueRHs 3HAYeHHs
bazucrozo koepiyicnma K tide uLigxom 00CKOHAN020 8UHeHH OY008U MA CMPYKMYPHOI OpeaHnizayii
MHOICUHY OY1eeux (OyHKYIU, 0emanbH020 aHARi3y CUNbHUX [ CAAOKUX CIMOPIH yoice ICHYIOUUX nonepeo-
HIX 8apianmie Memoois, 6UsGIeHH] KPUMUYHUX MICYb, WO CYMMEBO CHOBIIbHIOIOMb NPOYeC MiHIMI3a-
yii, ma nowLyKy anbmepHAmuGHUX ULISXI8 NPUCKOPEHHs npoyecy Minimizayii. [HOexcHull Mmemoo po3poo-
JIEHO HA OCHOBI BUKOPUCMAHHS HOB8020 CROCODY 3aNucy oKpemux 6ynesux @yukyit y euenaoi in0ekcig
SHAUYWUX psaoKie mabauyi icmunnocmi. 3ae0saKu maxiu popmi 3anucy 80an0Cs K peanizysamu CULbHI
CMOPOHU, WO BUKOPUCMOBYBANU NONEPEOHT MemoOU, max i 3HAYHO NOATNWUMU CaOKi emanu none-
Peonix memodis, wo 6 yinomy oae seauxull euepawt y yaci minimizayii. Ilepesazoro memody € osoeman-
Ha MIHIMI3ayis npoyecy, wjo 0ae MONCIUBICMb 6e3n0cepedHbo He GUKOPUCIO8Y8amu Kpumepill cnpsi-
Mo8anoz2o copmysannus. Ilpu hopmysanni noeno2o cnucky eremenmis 00pazy OmpuUMyoms eiemMeHmu
ocmamouHoi 8i0noegidi Oe3 3a3Ha4eH s NPOMINCHUX pe3yibmamis. CmpyKmypHi elemeHmu Memooy —
NOBHUL HAOIP MOJICIUBUX eleMeHmI8 KiHyesol 8i0n0gioi 011 Oyiesux (YHKYIl, wo Micmums 00HY
KinbKicmb apeymenmis 0isl sHauents 6a306020 koegiyicuma K=1...n, — gpopmyromscs wie 00 nouamxy
BUKOHAHHS MeMOQY i BUKOPUCTNOBYIOMbCA AK mabauyne 3Havenns. Ipu peanizayii memoody 6 cmoenysx
mabauyi icmunHocmi 00pOOAAIOMbC MINbKU 00UHUYI Oe3 HYNI6, WO 3MEHULYE KilbKicmb 00'ckmis
00pobKu. Memoo peanizyembcsi 080PIGHEB0I0 0OPOOKOIO CMOBNYIE — NEPEBIPKOIO HeODXIOHUX | docmam-
HiX ymos. Mawunna peanizayis Memoody UKOPUCTNOBYE PO3NAPANETIO8AHHS npoyecy Minimizayii. Bce
ye iCTMOMmMHO CKOPOYYE 4ac MIHIMI3ayii — OCHOBHY YIHHICMb, WO GIOPI3HAE Yeli Memood 6i0 THUIUX.
Po3spobnenuii memoo minimizayii € 00HI€I0 31 CKIAO0BUX YACTNUH CIMBOPEHHS NPOSPAMHO20 KOOY, WO €
OCHOB0I0  pO3poOKU  (ppakmanvrho2o komn 'tomepa. 10n06HOI0 — 0ocobausicmio  hpaxmanvhoco
KOMN IOomepa € HAA8HICMb ) 11020 NPOSPAMHOMY KOOI (DpakmanvHux (He2naoxux) QyHKyil, wo 00360-
JIUMb PAOUKATLHO POSUWUPUMU 1020 MOJICIUBOCIT 8 OKpeMux obnacmsax oouucienv. Ha cbo2oomniwmiil
OeHb JHCOO0EeH 13 CYUACHUX KOMN tomepie He 6UKOpUCmogye yi (hyHKYii 8 npoepamuomy Kooi.

Knrouoei cnosa: memoo minimizayii 6ynesux (yHKyiti, MampuuHull Memoo napaierbHoi 0eKom-
nozuyii, pe3yromamusHi paoku Oynesoi QyuKyii, posnapanenosants npoyecy MiHimizayii, OazucHuil
xoeghiyicnm K, gppaxmanvruii komn 'romep.
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